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ALL QUASIHEREDITARY ALGEBRAS WITH A REGULAR EXACT
BOREL SUBALGEBRA
TERESA CONDE
Abstract. Not every quasihereditary algebra (A,Φ,✂) has an exact Borel subal-
gebra. A theorem by Koenig, Ku¨lshammer and Ovsienko asserts that there always
exists a quasihereditary algebra Morita equivalent to A that has a regular exact
Borel subalgebra, but a characterisation of such a Morita representative is not dir-
ectly obtainable from their work. This paper gives a criterion to decide whether
a quasihereditary algebra contains a regular exact Borel subalgebra and provides
a method to compute all the representatives of A that have a regular exact Borel
subalgebra. It is shown that the Cartan matrix of a regular exact Borel subalgebra
of a quasihereditary algebra (A,Φ,✂) only depends on the composition factors of
the standard and costandard A-modules and on the dimension of the Hom-spaces
between standard A-modules. We also characterise the basic quasihereditary algeb-
ras that admit a regular exact Borel subalgebra.
Contents
1. Introduction 2
1.1. Notation and conventions 6
1.2. Acknowledgments 6
2. Preliminaries 7
2.1. Quasihereditary algebras 7
2.2. Exact Borel subalgebras 8
2.3. Bocses 8
3. How bocses relate to quasihereditary algebras and exact Borel subalgebras 9
3.1. More on bocses 9
3.2. Directed bocses and exact Borel subalgebras 12
4. Good quasihereditary algebras and regular exact Borel subalgebras 14
4.1. Composition factors of restricted modules 14
4.2. Determining all the good quasihereditary algebras 20
4.3. More on regular exact Borel subalgebras and regular directed bocses 25
5. Basic quasihereditary algebras with a regular exact Borel subalgebra 31
5.1. An application 34
References 37
Date: 9th October 2020.
2020 Mathematics Subject Classification. Primary 16W70, 16T15. Secondary 17B10, 16D90.
Key words and phrases. quasihereditary algebras; exact Borel subalgebras; bocses.
1
2 TERESA CONDE
1. Introduction
The existence of Borel subalgebras is a key feature of semisimple Lie algebras. When b
is a Borel subalgebra of a complex semisimple Lie algebra g, the Poincare´–Birkhoff–Witt
Theorem implies that the universal enveloping algebra U(b) of b is a subalgebra of U(g)
and, further, U(g) is free as a module over U(b) ([25, §17.3, Corollary D]). As a result, the
induction functor U(g)⊗U(b) −, which turns b-representations into g-representations, is
exact. Additionally, inducing a simple b-representation with weight λ yields a universal
highest weight module, namely the Verma module with highest weight λ, which lies in
the Bernstein–Gelfand–Gelfand category O ([24, §1.3]). The category O decomposes
into a direct sum of blocks and each block is equivalent to the module category of a
quasihereditary algebra.
Quasihereditary algebras are abundant in representation theory and their ubiquity
goes far beyond modeling certain Lie-theoretical contexts. Other examples of quasihered-
itary algebras include Schur algebras and generalisations of these ([18, 19, 33, 22, 23]),
but also all algebras of global dimension at most two ([16]) and, in particular, hereditary
algebras and Auslander algebras. Quasihereditary algebras are defined by the existence
of special quotients of the projective indecomposable modules, called the standard mod-
ules, which form an exceptional collection of objects. These correspond to the Verma
modules in the blocks of category O and to the Weyl modules in the case of Schur
algebras.
The concept of Borel subalgebra has been generalised to arbitrary quasihereditary
algebras by Koenig ([28]). By analogy with the Lie-theoretical setting, a subalgebra B
of a quasihereditary algebra A with indexing poset (Φ,✂) is said to be an exact Borel
subalgebra if the following conditions hold:
(1) the induction functor A⊗B − is exact;
(2) there exists a bijection between the isoclasses of simple B-modules and the ele-
ments of the poset (Φ,✂) that turnsB into a quasihereditary algebra with respect
to (Φ,✂);
(3) all the standard B-modules are simple and the induction functor maps the simple
B-module labelled by i ∈ Φ to the standard A-module indexed by i.
Assume, from now onwards, that we are working over some fixed algebraically closed
field. Call two quasihereditary algebras equivalent if the corresponding categories of
modules filtered by standard modules are equivalent: this essentially means that the two
algebras have the same quasihereditary structure. Equivalent quasihereditary algebras
are, in particular, Morita equivalent ([17, Theorem 2]).
Generally, it is not the case that every quasihereditary algebra has an exact Borel
subalgebra ([28, Example 2.3], [29, Appendix A.3]). However, every quasihereditary
algebra is equivalent to some other quasihereditary algebra that has an exact Borel sub-
algebra. This remarkable result was established by Koenig, Ku¨lshammer and Ovsienko
in [29] using A∞-technology and techniques from the theory of bocses. Concretely, it
was shown in [29] that the right algebra RB of a directed bocs B = (B,W, µ, ε) has a
natural quasihereditary structure so that the underlying algebra B is an exact Borel sub-
algebra of RB. In addition, Koenig, Ku¨lshammer and Ovsienko proved that an algebra
is quasihereditary if and only if it is equivalent to the right algebra of a directed bocs.
It turns out that Kleiner and Ro˘ıter’s regularisation techniques may be applied to the
directed bocses obtained in [29], so these can always be assumed to be regular (see [6],
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namely Proposition 3.10, but also Theorem 3.13 and the paragraph after Remark 3.5).
Regular directed bocses are closely related to a certain type of exact Borel subalgebras
defined in [6], which are also called regular. A regular exact Borel subalgebra B of a
quasihereditary algebra (A,Φ,✂) is characterised by the existence of isomorphisms
ExtnB (L,L
′)→ ExtnA (A⊗B L,A⊗B L
′) ,
induced by the exact functor A⊗B−, for every choice of simple B-modules L and L
′ and
every n ≥ 1. Not only are regular exact Borel subalgebras homologically well-behaved,
but they also appear to possess some sort of intrinsic uniqueness feature to be discussed
later on in this introduction. By combining results from [6] and [11], the main theorem
of [29] can be enhanced as follows.
Theorem R ([29, 6, 11]). Let (A,Φ,✂) be a quasihereditary algebra.
(1) There exists a regular directed bocs whose right algebra is equivalent to (A,Φ,✂).
(2) The algebra (A,Φ,✂) contains a regular exact Borel subalgebra B if and only if
A coincides with the right algebra of a regular directed bocs B = (B,W, µ, ε).
This consequential result asserts, in particular, that there always exists at least one
algebra in each equivalence class of quasihereditary algebras that is guaranteed to have a
regular exact Borel subalgebra. Nevertheless, Theorem R raises a great deal of questions
which are left unanswered.
(A) Description of the ‘good’ representatives of [(A,Φ,✂)]:
Given a quasihereditary algebra (A,Φ,✂), how can we construct an equivalent
algebra that contains a (regular) exact Borel subalgebra? Which algebras in the
equivalence class [(A,Φ,✂)] of (A,Φ,✂) have a regular exact Borel subalgebra,
and how many are there? Is there any quasihereditary algebra in [(A,Φ,✂)] that
contains a basic regular exact Borel subalgebra and, if so, is it unique?
(B) Criteria to identify the ‘good’ quasihereditary algebras:
How to decide whether a quasihereditary algebra has a regular exact Borel sub-
algebra? How to single out the quasihereditary algebras that have a basic regular
Borel subalgebra?
(C) Numerical description of the regular exact Borel subalgebras:
In case B is a regular exact Borel subalgebra of some quasihereditary algebra
equivalent to (A,Φ,✂), is it possible to determine information about B (e.g. its
Cartan matrix) without knowing B explicitly?
(D) Characterisation of the best-case scenario:
When does it happen that every quasihereditary algebra in an equivalence class
[(A,Φ,✂)] contains a regular exact Borel subalgebra? When does a basic quasi-
hereditary algebra admit a regular exact Borel subalgebra?
In this paper, we provide answers to all the questions above by using elementary
linear algebra and conventional data about quasihereditary algebras. In particular, our
methods do not require any calculations with A∞-algebras. Moreover, by applying part
(2) of Theorem R, our findings may be rephrased as statements about regular directed
bocses.
We proceed to describe our main contributions. For this, some minimal notation will
be needed. Given a quasihereditary algebra (A,Φ,✂) and i ∈ Φ, denote the standard
A-module with simple top Li by ∆i, let ∇i be the costandard module with socle Li
and write [X : Li] for the multiplicity of the simple Li in the composition series of X .
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The notation F(∆) (resp. F(∇)) will be used for the category of modules filtered by
standard modules (resp. by costandard modules). Occasionally, we shall decorate the
simples, standards or costandards with a superscript to indicate the ambient algebra.
Our strategy is as follows. To every quasihereditary algebra (A,Φ,✂), we shall as-
sociate a special matrix V[(A,Φ,✂)] = (vij)i,j∈Φ. The matrix V[(A,Φ,✂)] can be computed
through a recursive algorithm described in Theorem 4.6 which takes as input the compos-
ition factors of the standard and costandard A-modules (that is, [∆i : Lj] and [∇i : Lj ]
for every i, j ∈ Φ) and also the dimension of the Hom-spaces between standardA-modules
(i.e. dim(HomA (∆i,∆j)) for i, j ∈ Φ). The distinguished matrix V[(A,Φ,✂)] is therefore
an invariant of the equivalence class [(A,Φ,✂)]. Furthermore, V[(A,Φ,✂)] can be realised
as a lower triangular matrix with nonnegative entries and with ones on the diagonal,
hence V[(A,Φ,✂)] is invertible. The sum of the entries in each row of V[(A,Φ,✂)] = (vij)i,j∈Φ
shall be recorded in a sequence, denoted by l[(A,Φ,✂)] = (li)i∈Φ. We remark that the
sequence l[(A,Φ,✂)] may also be obtained from a recursive formula, described in Corollary
4.9, which avoids the computation of the matrix V[(A,Φ,✂)]. Using the matrix V[(A,Φ,✂)]
and the sequence l[(A,Φ,✂)], we prove the following result.
Theorem A (Part of Theorem 4.16 and Corollary 4.17). Let (A,Φ,✂) be a quasihered-
itary algebra with projective indecomposable modules Pi, i ∈ Φ. Consider the associated
matrix V[(A,Φ,✂)] = (vij)i,j∈Φ and the sequence l[(A,Φ,✂)] = (li)i∈Φ. The following hold:
(1) for every sequence of positive integers (ki)i∈Φ there exists a quasihereditary al-
gebra (R,Φ,✂) ∈ [(A,Φ,✂)] which contains a regular exact Borel subalgebra B
satisfying dimLBi = ki for every i ∈ Φ;
(2) if (R,Ω,) ∈ [(A,Φ,✂)] has a regular exact Borel subalgebra B, then it is possible
to relabel the simples over R by elements of Φ, so that (R,Ω,) is equivalent
and isomorphic to (EndA
(⊕
i∈Φ P
mi
i
)
op,Φ,✂) with mi =
∑
j∈Φ vij dimL
B
i ;
(3) the algebra R[(A,Φ,✂)] = EndA
(⊕
i∈Φ P
li
i
)
op is quasihereditary with respect to
(Φ,✂) and it only depends on the equivalence class [(A,Φ,✂)], concretely, on the
composition factors of the standard and costandard modules and on the dimension
of Hom-spaces between standard modules;
(4) up to isomorphism of algebras, (R[(A,Φ,✂)],Φ,✂) is the unique quasihereditary
algebra in [(A,Φ,✂)] that contains a basic regular exact Borel subalgebra.
By combining parts (1) and (2) of Theorem A, we conclude that the isomorphism
classes of quasihereditary algebras in [(A,Φ,✂)] having a regular exact Borel subalgebra
are in one-to-one correspondence with the sequences of positive integers (ki)i∈Φ. Fur-
thermore, the representatives of [(A,Φ,✂)] that contain a regular exact Borel subalgebra
can be computed through the recipe in (2) and, by (4), there exists essentially one al-
gebra in [(A,Φ,✂)] that contains a basic regular exact Borel subalgebra. Theorem A
therefore solves all the problems raised in (A).
From Theorem A, we deduce a numerical criterion to answer the questions in (B).
Theorem B (Theorem 4.18). Let (A,Φ,✂) be a quasihereditary algebra. Consider the
matrix V[(A,Φ,✂)] = (vij)i,j∈Φ and the sequence l[(A,Φ,✂)] = (li)i∈Φ. The following hold:
(1) (A,Φ,✂) has a regular exact Borel subalgebra if and only if all the entries of the
unique solution of the system V[(A,Φ,✂)]x = (dimL
A
i )i∈Φ are positive integers;
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(2) if (A,Φ,✂) has a regular exact Borel subalgebra B, then (dimLBi )i∈Φ is the
unique solution of the system V[(A,Φ,✂)]x = (dimL
A
i )i∈Φ and [Res(L
A
i ) : L
B
j ] =
vij, where Res : A -Mod→ B -Mod denotes the restriction functor;
(3) the dimension of the simple modules over a regular exact Borel subalgebra of
(A,Φ,✂) is univocally determined by the dimension of the simple modules over
A, by the composition factors of the standard and costandard A-modules and by
the dimension of the Hom-spaces between standard modules;
(4) (A,Φ,✂) has a basic regular exact Borel subalgebra if and only if dimLAi = li
for every i ∈ Φ.
We also show that all regular exact Borel subalgebras of quasihereditary algebras
belonging to the same equivalence class have the same Cartan matrix. An explicit
description of the Cartan matrix is given in Theorem C. This addresses the questions
raised in (C).
Theorem C (Part of Theorem 4.23). Let (A,Φ,✂) be a quasihereditary algebra and
consider the associated matrix V[(A,Φ,✂)]. Assume that B is a regular exact Borel subal-
gebra of some quasihereditary algebra equivalent to (A,Φ,✂). The Cartan matrix of B
is given by
(D∇[(A,Φ,✂)]V[(A,Φ,✂)])
T ,
where D∇[(A,Φ,✂)] denotes the ∇-decomposition matrix
(
[∇Ai : L
A
j ]
)
i,j∈Φ
of (A,Φ,✂). In
particular, the Cartan matrix of B is completely determined by the composition factors of
the standard and costandard A-modules and by the dimension of the Hom-spaces between
standard modules, so it only depends on [(A,Φ,✂)].
As announced in [30, Theorem 4.26], a bijection between the isomorphism classes of
regular directed bocses B = (B,W, µ, ε) with B basic and the equivalence classes of
quasihereditary algebras, mapping a bocs B to the equivalence class of its right algebra
RB, shall be provided in upcoming work of Ku¨lshammer and Miemietz. We have not
been able to prove that every two regular directed bocses B = (B,W, µ, ε) and B′ =
(B′,W ′, µ′, ε′) with B and B′ basic and RB and RB′ equivalent must be isomorphic.
However, as a consequence of Theorem C, we show, in Corollary 4.26, that any two
such bocses share a significant amount of information, namely B and B′ must have the
same Cartan matrix and the same dimension, RB and RB′ have to be isomorphic and
the dimension of bimodules W and W ′ also coincides. Our work therefore corroborates
Ku¨lshammer and Miemietz’s research about the uniqueness of regular directed bocses
over basic algebras.
Finally, we investigate when all quasihereditary algebras in a given equivalence class
have a regular exact Borel subalgebra. This is connected to the problem of determining
which basic quasihereditary algebras contain a regular exact Borel subalgebra.
Theorem D (Theorem 5.2). Let (A,Φ,✂) be a quasihereditary algebra. The following
conditions are equivalent:
(1) every quasihereditary algebra in [(A,Φ,✂)] has a regular exact Borel subalgebra;
(2) the sequence l[(A,Φ,✁)] is constant and equal to one;
(3) V[(A,Φ,✁)] is the identity matrix;
(4) for every i ∈ Φ, ∆i is an F(∆)-approximation of the simple A-module Li (mean-
ing that every morphism X → Li with X ∈ F(∆) factors through πi : ∆i ։ Li);
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(5) Rad∆i belongs to F(∇) for every i ∈ Φ;
(6) the map Ext1A (X, πi) : Ext
1
A (X,∆i) → Ext
1
A (X,Li), where πi denotes the epic
from ∆i to Li, is an isomorphism for every X in F(∆) and every i ∈ Φ;
(7) the map Ext1A (∆j , πi) : Ext
1
A (∆j ,∆i) → Ext
1
A (∆j , Li), where πi denotes the
epic from ∆i to Li, is an isomorphism for every distinct i, j ∈ Φ satisfying j✂ i.
Assuming that A is basic, then the algebra (A,Φ,✂) contains a regular exact Borel sub-
algebra if and only if it contains a basic regular exact Borel subalgebra if and only if one
of the equivalent conditions (1) to (7) holds.
Notice that Theorem D solves the problems in (D). We conclude the paper with an
application of Theorem D. To be precise, we prove, in Proposition 5.5, that the Ringel
dual of the dual extension of the incidence algebra of a tree always has a regular exact
Borel subalgebra.
The layout of this paper is as follows. Section 2 contains background on quasihered-
itary algebras, exact Borel subalgebras and bocses. Section 3 delves deeper into the
connection between bocses, quasihereditary algebras and exact Borel subalgebras. In
particular, it discusses work from [29] and [6] that is essential to contextualise and to
deduce our main results. Section 3 also contains auxiliary lemmas concerning bocses
with an epic counit (namely, Lemmas 3.1, 3.2, 3.3) which are crucial to derive our main
theorems. Section 4 is the core of the paper. There, we devise a recursive method
that allows us to describe the composition factors of restrictions of RB-modules for any
regular directed bocs B: this essentially corresponds to Theorem 4.6. The majority of
our main results, namely Theorems 4.16, 4.18 and 4.23, and Corollaries 4.17 and 4.26
(which include Theorems A, B and C), are proved in Section 4 and are a by-product
of Theorem 4.6. Section 5 is concerned with basic quasihereditary algebras containing
a regular exact Borel subalgebra. A description of this class of algebras is obtained in
Theorem 5.2 (Theorem D) and a large class of examples is provided by Proposition 5.5.
1.1. Notation and conventions. Throughout this paper, K will denote a fixed algeb-
raically closed field. Unless explicitly stated otherwise, the word ‘algebra’ will mean a
finite-dimensional K-algebra and all modules are assumed to be finite-dimensional left
modules.
Given an algebra A, we shall denote the category of finite-dimensional left A-modules
by A -mod; this is a full subcategory of the category A -Mod of all (possibly infinite-
dimensional) left A-modules.
The isomorphism classes of the simple A-modules may be labelled by the elements of
a finite set Φ. Denote the simple A-modules by Li or L
A
i , i ∈ Φ, and use the notation
Pi or P
A
i (resp. Qi or Q
A
i ) for the projective cover (resp. injective hull) of Li. Write
{ei | i ∈ Φ} for a complete irredundant set of primitive idempontents in A with Aei ∼= Pi.
Finally, denote the multiplicity of the simple Li as a composition factor of a module X
by [X : Li] and let ℓ(X) be the length of X .
Given a poset (Φ,✂) and i, j ∈ Φ, write i✁ j if i✂ j and i 6= j.
The arrows in a quiver shall be composed from right to left.
1.2. Acknowledgments. I would like to thank Julian Ku¨lshammer and Steffen Koenig
for many insightful discussions and for comments and suggestions on preliminary ver-
sions of this paper. I am deeply grateful to Julian Ku¨lshammer for pointing out to me
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Examples 4.28 and 5.8, which emerged from his work with Agnieszka Bodzenta. Example
5.8 inspired Proposition 5.5.
2. Preliminaries
In this section we provide necessary background material on quasihereditary algebras,
exact Borel subalgebras and bocses.
2.1. Quasihereditary algebras. Assume that (Φ,✂) is an indexing poset for the simple
modules over an algebra A. Denote by ∆i or ∆
A
i the largest quotient of the projective
indecomposable Pi whose composition factors are all of the form Lj with j ✂ i. Call ∆i
the standard module with label i ∈ Φ. Dually, use the notation ∇i or ∇
A
i for the costand-
ard module with label i, i.e. let ∇i be the largest submodule of Qi with all composition
factors of the form Lj , with j ✂ i.
Denote by ∆ (resp. ∇) the set of all standard A-modules (resp. all costandard A-
modules). Let F (∆) be the category of all A-modules that have a ∆-filtration, that is,
a filtration whose subquotients are isomorphic to modules in ∆. The category F(∇) is
defined in a similar manner.
There are multiple equivalent ways of defining a quasihereditary algebra. Classic
references include the pioneering articles of Cline, Parshall and Scott ([36, 32, 9]) and
the papers [16, 17] by Dlab and Ringel.
Definition 2.1. An algebra A is quasihereditary with respect to a poset (Φ,✂) indexing
all pairwise nonisomorphic simple A-modules if the following conditions hold for every
i ∈ Φ:
(1) [∆i : Li] = 1;
(2) Pi has a ∆-filtration;
(3) if Ext1A (∆i,∆j) 6= 0, then i✁ j, for any choice of j ∈ Φ.
Remark 2.2. Condition (1) in Definition 2.1 amounts to saying that the endomorphism
algebra EndA (∆i) is isomorphic to K and condition (2) may be replaced by
(2′) Qi has a ∇-filtration.
The multiplicity of a standard module as a subquotient in a ∆-filtration of a module
X is independent of the choice of the ∆-filtration ([17, Lemma 2.4]). A similar statement
holds for modules in F(∇). Denote by (X : ∆i) the multiplicity of ∆i as subquotient in
a ∆-filtration of X in F(∆). Define (X : ∇i) for X in F(∇) in an analogous way.
Dlab and Ringel’s Standardisation Theorem ([17, Theorem 2]) basically claims that
the category of ∆-filtered modules comprises all the essential information about a quasi-
hereditary algebra.
Definition 2.3. Two quasihereditary algebras are said to be equivalent if the corres-
ponding categories of ∆-filtered modules are equivalent.
Remark 2.4. Equivalent quasihereditary algebras have the same quasihereditary struc-
ture. The Standardisation Theorem ([17, Theorem 2]) implies that equivalent quasi-
hereditary algebras are Morita equivalent.
Remark 2.5. The notion introduced in Definition 2.3 is an equivalence relation in the
class of all quasihereditary algebras over the fixed field K. We denote the equivalence
class of a quasihereditary algebra (A,Φ,✂) by [(A,Φ,✂)].
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Remark 2.6. If (A,Φ,✂) is a quasihereditary algebra, any refinement of the poset (Φ,✂)
gives rise to an equivalent quasihereditary algebra (see Lemmas 2.3 and 2.12 in [21],
based on [17, pp. 3–4] and [10, Proposition 1.4.12]). One may want to remove relations
from (Φ,✂) in order to obtain a subposet (Φ,✂′) of (Φ,✂) with respect to which A has
the same quasihereditary structure. According to [21, Lemma 2.6], there exists a unique
minimal subposet (Φ,✂′) of (Φ,✂) for which (A,Φ,✂′) and (A,Φ,✂) are quasihereditary
and equivalent; this is called the minimal adapted poset of (A,Φ,✂). Up to isomorphism
of posets, the minimal adapted poset is an invariant of the equivalence class of a quasi-
hereditary algebra (see [21, Proposition 2.9] and also [12, Definition 1.2.5]). Hence, the
choice of a poset is somehow redundant and the minimal adapted poset of a quasihered-
itary algebra is, to some extent, the most canonical option.
2.2. Exact Borel subalgebras. The notion of exact Borel subalgebra of a quasihered-
itary algebra was introduced by Koenig in [28] and it emulates some of the key properties
of Borel subalgebras of complex semisimple Lie algebras.
Definition 2.7 ([28]). A subalgebra B of a quasihereditary algebra (A,Φ,✂) is an exact
Borel subalgebra of A if the following hold:
(1) the induction functor A⊗B − : B -Mod→ A -Mod is exact;
(2) Φ is an indexing set for the isomorphism classes of simple B-modules and B is a
quasihereditary algebra with respect to (Φ,✂) having simple standard modules;
(3) A⊗B L
B
i = ∆
A
i for every i ∈ Φ.
Exact Borel subalgebras often satisfy additional properties. We will be focusing on
quasihereditary algebras that have a so-called regular exact Borel subalgebra.
Definition 2.8 ([6]). An exact Borel subalgebra B of a quasihereditary algebra (A,Φ,✂)
is regular if the morphisms
ExtnB
(
LBi , L
B
j
)
−→ ExtnA
(
A⊗B L
B
i , A⊗B L
B
j
)
,
induced by the exact functor A ⊗B − : B -Mod → A -Mod, are isomorphisms for every
n ≥ 1 and every i, j ∈ Φ.
2.3. Bocses. The research carried out in [29] provided a novel perspective on quasihered-
itary algebras and revealed the importance of bocses in understanding quasihereditary
algebras and their exact Borel subalgebras.
A bocs is like a coalgebra whose ring of scalars does not necessarily act centrally. In
this subsection, we introduce the notion of a bocs and define its right algebra.
Definition 2.9. A bocs is a quadruple B = (B,W, µ, ε) consisting of an algebra B and
a B-B-bimodule W (possibly infinite-dimensional over K), together with a B-B-bilinear
coassociative comultiplication µ : W → W ⊗B W and a B-B-bilinear counit ε. In
other words, µ and ε are morphisms of B-B-bimodules for which the following diagrams
commute:
W W ⊗B W
W ⊗B W W ⊗B W ⊗B W
µ
µ µ⊗B1W
1W⊗Bµ
,
W ⊗B W W W ⊗B W
W ⊗B B W B ⊗B W
1W⊗Bε
µµ
1W ε⊗B1W
mWR m
W
L
.
Here, the (bijective) maps mWR and m
W
L denote, respectively, the right and left multi-
plication by elements in B.
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To every bocs B = (B,W, µ, ε) one may canonically associate two (possibly infinite-
dimensional) algebras over K: the right and the left algebra of B. Only the definition
of right algebra of a bocs will be needed in this paper.
Definition 2.10 ([8]). The right algebra RB of a bocsB = (B,W, µ, ε) consists of the B-
B-bimodule HomB (W,B) endowed with the multiplication s◦B t for s, t ∈ HomB (W,B)
given by the composition
W W ⊗B W W ⊗B B W B
µ 1W⊗Bs m
W
R t .
Remark 2.11. A standard verification shows that ε is the identity of RB.
Remark 2.12. Let B = (B,W, µ, ε) be a bocs. Note that EndB (B) is isomorphic to
Bop. Through this identification, the map HomB (ε,B) : EndB (B) → HomB (W,B)
gives rise to an algebra homomorphism ιB : B → RB. The morphism ιB maps b ∈ B to
bε, where the B-action comes from the natural B-B-bimodule structure of RB (see [8,
§1.1′]). Observe that ιB = HomB (ε,B)
op is a monomorphism whenever ε is an epic, so,
in this case, B may be regarded as a subalgebra of RB.
We will be working with bocses B = (B,W, µ, ε) for which the bimodule W is finite-
dimensional over K, hence the right algebras studied in this paper are actually finite-
dimensional.
3. How bocses relate to quasihereditary algebras and exact Borel
subalgebras
Some basic familiarity with the relation between directed bocses, quasihereditary al-
gebras and exact Borel subalgebras is required in order to set up the framework for our
main results. Following the work in [29, 6], this section focuses on special features that
a bocs may have and how these are connected to properties of exact Borel subalgebras.
The key auxiliary lemmas needed to prove our main results are also included in this
section.
3.1. More on bocses. The algebra morphism ιB : B → RB described in Remark 2.12
turns every RB-module into a B-module by restriction of the action. The categories of
modules over RB and B are therefore connected via the adjoint triple consisting of the
induction, restriction and coinduction functors:
(3.1)
B -Mod RB -Mod
HomB(RB,−)
RB⊗B−
Res
⊣
⊣ .
The next auxiliary results will be needed in Section 4 and will also be used later in
this section for the characterisation of certain types of bocses.
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Lemma 3.1. Let B = (B,W, µ, ε) be a bocs. Denote by η the unit of the adjunction
RB ⊗B − ⊣ Res. There exists a commutative diagram of natural transformations
1B -Mod Res ◦(RB ⊗B −)
HomB (B,−) HomB (W,−)
α ∼
η
β
HomB(ε,−)
,
where α is a natural isomorphism and β is a natural transformation which becomes
a natural isomorphism whenever W is finite-dimensional and projective as a (left) B-
module.
Proof. Consider X in B -Mod. The unit ηX of the adjoint pair RB ⊗B − ⊣ Res can be
chosen as the map which sends x ∈ X to ε⊗B x (recall that ε is the identity of RB). Let
αX be the function mapping x ∈ X to the unique morphism αX(x) ∈ HomB (B,X) for
which (αX(x))(1) = x holds. Define βX : HomB (W,B)⊗BX → HomB (W,X) to be the
morphism of B-modules satisfying (βX(s⊗B x))(w) = s(w)x for every s ∈ HomB (W,B),
x ∈ X and w ∈ W . These assignments give rise to natural transformations α and β.
The diagram in the statement of the lemma commutes, since((
HomB (ε,X) ◦ αX
)
(x)
)
(w) =
(
HomB (ε,X)
(
αX(x)
))
(w) =
(
(αX(x)) ◦ ε
)
(w)
= (αX(x))(ε(w)) = ε(w)x =
(
βX(ε⊗B x)
)
(w)
=
(
(βX ◦ ηX)(x)
)
(w)
for every X in B -Mod, x ∈ X and w ∈ W . It is well known that the natural transform-
ation β is a natural isomorphism when W is finitely generated and projective for the left
B-action: for this, we refer to part (ii) of Proposition 2 in Chapter II, §4.2 of [5]. 
We will be dealing with bocses with an epic counit whose kernel is finite-dimensional
and projective as a bimodule. The next two lemmas are concerned with bocses satisfying
such properties.
Lemma 3.2. Let B = (B,W, µ, ε) be a bocs with epic counit ε. Assume that Φ is a
labelling set for the simple B-modules and that Ker ε is finite-dimensional and projective
as a B-B-bimodule. Then, the bimodule Ker ε is isomorphic to
⊕
k,l∈Φ(Bek ⊗K elB)
nkl ,
for certain nonnegative integers nkl. Furthermore, for every B-module X, the unit ηX
of the adjunction RB ⊗B − ⊣ Res is a monic with injective cokernel. To be precise, the
sequence
0 X Res(RB ⊗B X)
⊕
l∈Φ(Q
B
l )
nl(X) 0
ηX
,
with nl(X) =
(∑
k∈Φ(X : L
B
k )nkl
)
dimLBl , is exact.
Proof. Since K is algebraically closed, every projective indecomposable B-B-bimodule
is of the form Bek ⊗K elB for k, l ∈ Φ – for B basic, this follows, for instance, from
Lemma 5.3.8 and Corollary 5.3.10 in [41] and the nonbasic case can then be deduced
through Morita theory. Hence Ker ε ∼=
⊕
k,l∈Φ(Bek ⊗K elB)
nkl for certain nonnegative
integers nkl and Ker ε is projective as a right and as a left B-module. Consider the exact
sequence
(3.2) 0 Ker ε W B 0ε .
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Note that (3.2) splits in B -Mod, hence its image through the functor HomB (−, X) gives
rise to another short exact sequence in B -Mod. Since Ker ε is finite-dimensional, then
so is W and the splitting of (3.2) also implies that W is projective as a right and as a left
B-module. Lemma 3.1 then guarantees the existence of an exact sequence of B-modules
0 X Res(RB ⊗B X) HomB (Ker ε,X) 0
ηX
.
Using the decomposition of Ker ε as a direct sum of indecomposable B-B-bimodules, one
easily deduces that Ker ε⊗B Y is a projective (left) B-module for every Y in B -mod. It
then follows from Lemma 2.9 in [6] that the B-module ZX = HomB (Ker ε,X) is injective.
Hence, ZX ∼=
⊕
i∈Φ(Q
B
i )
ni(X) for certain nonnegative integers ni(X). Observe that
HomB
(
LBi , ZX
)
∼= HomB
(
Ker ε⊗B L
B
i , X
)
∼= HomB

⊕
k,l∈Φ
(Bek ⊗K elB ⊗B L
B
i )
nkl , X


∼= HomB

⊕
k,l∈Φ
(Bek ⊗K elB ⊗B (Bei/RadBei))
nkl , X


∼= HomB
(⊕
k∈Φ
Be
nki dimL
B
i
k , X
)
.
As a consequence,
ni(X) = dim
(
HomB
(
LBi , ZX
))
= dim
(
HomB
(⊕
k∈Φ
Be
nki dimL
B
i
k , X
))
=
(∑
k∈Φ
(X : LBk )nki
)
dimLBi .

It is possible to derive an explicit formula for the integers nkl appearing in the bimod-
ule decomposition of Ker ε in Lemma 3.2. The symbol δkl shall henceforth denote the
Kronecker delta.
Lemma 3.3. Let B = (B,W, µ, ε) be a bocs with epic counit ε. Assume that Φ is a
labelling set for the simple B-modules and that Ker ε is finite-dimensional and projective
as a B-B-bimodule. Then
dij = dim
(
Ext1RB
(
RB ⊗B L
B
j , RB ⊗B L
B
i
))
− dim
(
Ext1B
(
LBj , L
B
i
))
> 0
for every i, j ∈ Φ and Ker ε is isomorphic to
⊕
i,j∈Φ(Bei⊗K ejB)
nij as a B-B-bimodule,
where the integer nij is given by
dim
(
HomRB
(
RB ⊗B L
B
j , RB ⊗B L
B
i
) )
− δij − dij
dimLBj
.
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Proof. By Lemma 3.2, Ker ε ∼=
⊕
k,l∈Φ(Bek ⊗K elB)
nkl for certain nonnegative integers
nkl. Lemma 3.2 also assures the existence of an exact sequence of B-modules
(3.3) 0 LBi Res(RB ⊗B L
B
i ) Zi 0
η
LB
i ,
where Zi is injective and isomorphic to
⊕
l∈Φ(Q
B
l )
nil dimL
B
l . We apply the functor
HomB
(
LBj ,−
)
to (3.3) and obtain the long exact sequence
0 HomB
(
LBj , L
B
i
)
HomB
(
LBj ,Res(RB ⊗B L
B
i )
)
HomB
(
LBj , Zi
)
Ext1B
(
LBj , L
B
i
)
Ext1B
(
LBj ,Res(RB ⊗B L
B
i )
)
0 .
g(ij)
Since RB ⊗B − is left adjoint to Res, then
HomB
(
LBj ,Res(RB ⊗B L
B
i )
)
∼= HomRB
(
RB ⊗B L
B
j , RB ⊗B L
B
i
)
.
According to [8, §2.1], RB is projective as a right module over B, hence the Eckmann-
Shapiro Lemma ([3, Corollary 2.8.4]) implies that
Ext1B
(
LBj ,Res(RB ⊗B L
B
i )
)
∼= Ext1RB
(
RB ⊗B L
B
j , RB ⊗B L
B
i
)
.
The dimension of HomB
(
LBj , Zi
)
is given by
dim
(
HomRB
(
RB ⊗B L
B
j , RB ⊗B L
B
i
))
− δij − dim
(
Ker g(ij)
)
for every i, j ∈ Φ. On the other hand, we have
dim
(
HomB
(
LBj , Zi
))
= dim
(
HomB
(
LBj ,
⊕
l∈Φ
(QBl )
nil dimL
B
l
))
= nij dimL
B
j .

3.2. Directed bocses and exact Borel subalgebras. The bocses associated to quasi-
hereditary algebras obtained by Koenig, Ku¨lshammer and Ovsienko in [29] are especially
nice: they are directed.
Definition 3.4 ([6, 29, 30, 4]). A bocs B = (B,W, µ, ε) is directed if the following
conditions hold:
(1) the counit ε is epic;
(2) B is a quasihereditary algebra with respect to some indexing poset (Φ,✂) and
the standard B-modules are simple;
(3) Ker ε is a direct sum of finitely many B-B-bimodules of the form Bej ⊗K eiB,
with i, j ∈ Φ and i✁ j.
Directed bocses always give rise to quasihereditary algebras and exact Borel subal-
gebras.
Theorem 3.5 ([29, Theorem 11.2]). If B = (B,W, µ, ε) is a directed bocs, then RB is
quasihereditary and B is an exact Borel subalgebra of RB. Concretely, assuming that
B is quasihereditary with respect to (Φ,✂), then RB is also quasihereditary with respect
to (Φ,✂) and has standard modules ∆RBi = RB ⊗B L
B
i . The algebra monomorphism
ιB : B →֒ RB in Remark 2.12 turns B into an exact Borel subalgebra of RB.
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Conversely, every quasihereditary algebra comes from a bocs.
Theorem 3.6 ([29, Theorem 11.3, proof of Corollary 11.4]). Let (A,Φ,✂) be a quasi-
hereditary algebra. There exists a directed bocs B = (B,W, µ, ε) such that RB is equival-
ent to (A,Φ,✂). Specifically, the simple B-modules can be labelled in such a way that B
is quasihereditary with respect to (Φ,✂) with simple standard modules, the quasihered-
itary structure of (RB,Φ,✂) is as stated in Theorem 3.5 and ∆
A
i is mapped to ∆
RB
i
through some equivalence of categories F(∆A)→ F(∆RB).
According to [6, Proposition 3.10] and [11, Corollary 3.3], the bocses in Theorem 3.6
can be assumed to be regular. The usual definition of regularity for bocses is rather
technical and it is tied to language of differential biquivers. For this reason, we shall
use an equivalent description of regularity for directed bocses. The next result was
communicated to me by Julian Ku¨lshammer and is part of his joint work with Vanessa
Miemietz. In fact, the statement of Lemma 3.7 is essentially an extension of Lemma 9.4
in [4] to the case where the underlying algebra of the bocs is not necessarily basic.
Lemma 3.7. Let B = (B,W, µ, ε) be a directed bocs. The following assertions are
equivalent:
(1) B is regular;
(2) Ext1B
(⊕
i∈Φ L
B
i ,
⊕
i∈Φ L
B
i
)
∼= Ext1RB
(⊕
i∈Φ∆
RB
i ,
⊕
i∈Φ∆
RB
i
)
in K -Mod;
(3) dim
(
Ext1B
(
LBj , L
B
i
))
= dim
(
Ext1RB
(
∆RBj ,∆
RB
i
))
for every i, j ∈ Φ;
(4) Ker ε ∼=
⊕
i,j∈Φ(Bei ⊗K ejB)
nij as a B-B-bimodule, with
nij =
dim
(
HomRB
(
∆RBj ,Rad∆
RB
i
))
dimLBj
.
Proof. The equivalence between the assertions (1) and (2) is a consequence of [6, Lemma
3.12] and [11, Corollary 3.3]. The directedness of B implies that ε is epic and that Ker ε
is finite-dimensional and projective as a B-B-bimodule. The equivalence between the
statements (2), (3) and (4) follows then from Lemma 3.3 and Theorem 3.5 and from the
definition of quasihereditary algebra. 
Using Proposition 3.10 in [6] (see also Theorem 3.13 and the paragraph after Remark
3.5 in the same reference) and Corollary 3.3 in [11], Theorem 3.6 can be rephrased as
follows.
Theorem 3.8. Let (A,Φ,✂) be a quasihereditary algebra. There exists a regular directed
bocs B = (B,W, µ, ε) such that RB is equivalent to (A,Φ,✂). More precisely, the simple
B-modules can be labelled in a way such that B is quasihereditary with respect to (Φ,✂)
with simple standard modules, the quasihereditary structure of (RB,Φ,✂) is as stated in
Theorem 3.5 and ∆Ai is mapped to ∆
RB
i through an equivalence F(∆
A)→ F(∆RB). In
this setting, B is a regular exact Borel subalgebra of (RB,Φ,✂).
For ease of reference later on in the paper, we assign a special name to the regular
directed bocses whose underlying algebra is basic.
Definition 3.9. A regular directed bocs B = (B,W, µ, ε) is minimal if the algebra B
is basic.
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4. Good quasihereditary algebras and regular exact Borel subalgebras
According to Theorem 3.8, given a quasihereditary algebra (A,Φ,✂), there exists
some regular directed bocs B = (B,W, µ, ε) such that RB is equivalent to (A,Φ,✂)
and B is a regular exact Borel subalgebra of RB. In this section, we provide formulas to
compute the dimension of the simple modules over RB whenB = (B,W, µ, ε) is a regular
directed bocs and RB lies in the equivalence class [(A,Φ,✂)] of (A,Φ,✂). We show that,
up to isomorphism, such an algebra RB is determined by the composition factors of
the standard and costandard A-modules, by the dimension of the Hom-spaces between
standard modules and by the dimension of the simples over B. By applying a result from
[6], our considerations about regular directed bocses are translated into statements about
regular exact Borel subalgebras. As a highlight in this section, we present a necessary and
sufficient criterion for a quasihereditary algebra to have a regular exact Borel subalgebra
and show that the Cartan matrix of the regular exact Borel subalgebra is completely
determined by the composition factors of the standard and costandard modules and by
the dimension of the Hom-spaces between the standard modules. We also deduce that, up
to isomorphism, there exists a unique quasihereditary algebra containing a basic regular
exact Borel subalgebra in each equivalence class of quasihereditary algebras.
Throughout the rest of the paper we will often be dealing with three quasihereditary
algebras simultaneously: these are usually an algebra (A,Φ,✂) and two algebras B
and RB, where B = (B,W, µ, ε) is a directed bocs. In order to distinguish the simple
modules over the three algebras, we denote the simple A-modules by Li and use the
notation LBi and L
RB
i for the simples over B and RB, respectively. The same logic will
be applied when denoting the projective and injective indecomposable modules, as well
as the standard and costandard modules over A, B and RB.
4.1. Composition factors of restricted modules. LetB = (B,W, µ, ε) be a directed
bocs and suppose that the simple B-modules are indexed by Φ. Recall the adjoint triple
in (3.1), associated to B. We shall start by deriving a recursive formula that describes
the composition factors of the B-modules Res(LRBi ) for every i ∈ Φ. When the bocs B
is also regular, our formula only depends on elementary data about the quasihereditary
structure of RB.
The next result, due to Koenig, will be used a couple of times. We state it for the
convenience of the reader.
Theorem 4.1 ([28, part of Theorem A]). Let B be an exact Borel subalgebra of a
quasihereditary algebra (A,Φ,✂). The restriction functor Res : A -Mod→ B -Mod gives
rise to an isomorphism of B-modules Res(∇i) ∼= Q
B
i = ∇
B
i .
Given a module X over an algebra B, write [X ] for its image in the Grothendieck
group G(B) of B (for further details, we refer to [31], just before §5 in Chapter III).
If Φ is an indexing set for the isoclasses of simple B-modules, the set {[LBi ] | i ∈ Φ}
constitutes a Z-basis of G(B). The coordinates of [X ] written as Z-linear combination
of the elements in {[LBi ] | i ∈ Φ} coincide with the composition factors of X .
Proposition 4.2. Let B = (B,W, µ, ε) be a directed bocs and let Φ be a labelling set
for the simple B-modules. For every i ∈ Φ, the B-module Res(LRBi ) has simple socle
LBi and all its remaining composition factors, if any, are of the form L
B
j with j ✁ i.
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Furthermore, the following identities hold for every i ∈ Φ:
[Res(LRBi )] =[L
B
i ] +
∑
j,k∈Φ
zij [∇
RB
j : L
RB
k ][Res(L
RB
k )]−
∑
j∈Φ
[Rad∆RBi : L
RB
j ][Res(L
RB
j )]
=[LBi ] +
∑
j,k∈Φ
k✂j✁i
zij [∇
RB
j : L
RB
k ][Res(L
RB
k )]−
∑
j∈Φ
j✁i
[∆RBi : L
RB
j ][Res(L
RB
j )],
with zij given by
dim
(
HomRB
(
∆RBj ,Rad∆
RB
i
))
−dim
(
Ext1RB
(
∆RBj ,∆
RB
i
))
+dim
(
Ext1B
(
LBj , L
B
i
))
.
Proof. By Theorem 3.5, the algebra RB is quasihereditary with respect to (Φ,✂) and
B is an exact Borel subalgebra of RB. The exact functor Res sends the inclusion of
LRBi into ∇
RB
i to the inclusion of Res(L
RB
i ) into Res(∇
RB
i ). Theorem 4.1 implies that
Res(∇RBi )
∼= QBi = ∇
B
i . Consequently, the nonzero module Res(L
RB
i ) has simple socle
LBi and all its other composition factors must be of the form L
B
j with j ✁ i.
Since the functor Res is exact, then
[Res(LRBi )] = [Res(∆
RB
i )]− [Res(Rad∆
RB
i )] = [Res(RB ⊗B L
B
i )]− [Res(Rad∆
RB
i )]
= [LBi ] +
∑
j∈Φ
nj(L
B
i )[Q
B
j ]− [Res(Rad∆
RB
i )]
= [LBi ] +
∑
j∈Φ
nij dimL
B
j [Res(∇
RB
j )]− [Res(Rad∆
RB
i )]
where the last two equalities follow from Lemma 3.2 and Theorem 4.1. By Lemma 3.3,
the product nij dimL
B
j coincides with the integer zij in the statement of the proposition.
From the exactness of Res it follows that
[Res(∇RBj )] =
∑
k∈Φ
[∇RBj : L
RB
k ][Res(L
RB
k )],
[Res(Rad∆RBi )] =
∑
k∈Φ
[Rad∆RBi : L
RB
j ][Res(L
RB
j )].
This proves the first identity in the statement of the proposition. The second identity
follows from the properties of quasihereditary algebras. 
Notice that the formula derived in Proposition 4.2 is recursive. As input, it takes
data corresponding to the quasihereditary structure of (RB,Φ,✂), but it also depends
on the dimension of the extensions of the simples over the underlying algebra of the
bocs. Philosophically speaking, we want to be able to extract as much information as
possible from a directed bocs by simply looking at the quasihereditary structure of its
right algebra. Taking this into consideration, we shall see that it is sensible to focus on
regular directed bocses. Other reasons for restricting our attention to regular directed
bocses will hopefully become apparent later on.
Corollary 4.3. Let (A,Φ,✂) be a quasihereditary algebra and let B = (B,W, µ, ε) be
a regular directed bocs such that RB is equivalent to (A,Φ,✂). The following identity
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holds for every i ∈ Φ:
[Res(LRBi )] =[L
B
i ] +
∑
j,k∈Φ
k✂j✁i
[∇j : Lk] dim (HomA (∆j ,∆i)) [Res(L
RB
k )](4.1)
−
∑
j∈Φ
j✁i
[∆i : Lj][Res(L
RB
j )].
In particular, given any X in RB -mod, the composition factors of Res(X) only depend
on the equivalence class of the quasihereditary algebra (A,Φ,✂) (namely, on [∆i : Lj],
[∇i : Lj] and dim(HomA (∆i,∆j)) for i, j ∈ Φ) and on the composition factors of X as
an RB-module.
Proof. The formula for [Res(LRBi )] follows directly from the identities in Proposition 4.2
and from Lemma 3.7. Given any minimal element i in the poset (Φ,✂), then Res(LRBi )
∼=
LBi . By employing upwards induction on the poset (Φ,✂), one is able to compute all
the composition factors of Res(LRBi ) for every i ∈ Φ, and these only depend on the
multiplicities [∆k : Ll], [∇k : Ll] and dim(HomA (∆k,∆l)) for k, l ∈ Φ.
Observe now that [Res(X)] =
∑
i∈Φ[X : L
RB
i ][Res(L
RB
i )] for every RB-module X .
As a result, it is also possible to calculate the composition factors of Res(X), once the
composition factors of the restriction of every simple RB-module have been determined.

The next proposition shows that the formula in (4.1) can be slightly simplified. Before
proving this result, we need to clarify what is meant by immediate predecessor of an
element in a poset.
Definition 4.4. An element j in a poset (Φ,✂) is an immediate predecessor of i ∈ Φ if j
is a maximal element for which the strict inequality j✁ i holds. The set of all immediate
predecessors of i ∈ Φ is denoted by Φi− .
Proposition 4.5. Let (A,Φ,✂) be a quasihereditary algebra. Let B = (B,W, µ, ε) be
a regular directed bocs such that RB is equivalent to (A,Φ,✂). For every i ∈ Φ, the
B-module Res(LRBi ) has simple socle L
B
i and all its other composition factors are of the
form LBj with j ✁ i and j not an immediate predecessor of i. More precisely,
[Res(LRBi )] =[L
B
i ] +
∑
j∈Φ, k∈Φ\Φ
i−
k✂j✁i
[∇j : Lk] dim
(
HomA (∆j ,∆i)
)
[Res(LRBk )]
−
∑
j∈Φ\Φ
i−
j✁i
[∆i : Lj][Res(L
RB
j )].
In particular, if i is either a minimal element in (Φ,✂) or if all immediate predecessors
of i are minimal elements in (Φ,✂), then Res(LRBi )
∼= LBi .
Proof. By Proposition 4.2, Res(LRBi ) has simple socle L
B
i and all its other composition
factors must be of the form LBj with j ✁ i. According to Corollary 4.3, [Res(L
RB
i )] =
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[LBi ] + S1 + S2, with
S1 =
∑
j∈Φ, k∈Φ\Φ
i−
k✂j✁i
[∇j : Lk] dim
(
HomA (∆j ,∆i)
)
[Res(LRBk )]
−
∑
j∈Φ\Φ
i−
j✁i
[∆i : Lj ][Res(L
RB
j )],
S2 =
∑
j∈Φ
i−
dim
(
HomA (∆j ,Rad∆i)
)
[Res(LRBj )]−
∑
j∈Φ
i−
[Rad∆i : Lj ][Res(L
RB
j )].
The expression S1 does not give rise to any composition factors of Res(L
RB
i ) of the form
LBj with j ∈ Φi− ; in fact, all composition factors of Res(L
RB
i ) of this form (if any) must
come from S2. We claim that S2 = 0, therefore proving the equality in the statement of
the proposition and showing that LBj is never a composition factor of Res(L
RB
i ) when
j is an immediate predecessor of i. In order to see this, consider j ∈ Φi− and let Uj
be the kernel of the canonical epic νj : Pj ։ ∆j . Note that all the simples in the
top of Uj are of the form Lk, where k ✄ j (recall (2) and (3) in Definition 2.1). As a
consequence, the only morphism in HomA (Uj ,Rad∆i) is the zero morphism, otherwise
some simple Lk in the top of Uj would be mapped to a composition factor of Rad∆i,
leading to the contradictory inequality j ✁ k ✁ i. So HomA (Uj ,Rad∆i) = 0 and the
monic HomA (νj ,Rad∆i) is an isomorphism. It then follows that
dim
(
HomA (∆j ,Rad∆i)
)
= dim
(
HomA (Pj ,Rad∆i)) = [Rad∆i : Lj],
hence S2 = 0. 
The next two results summarise and clarify most of the information gathered in this
subsection.
Theorem 4.6. Let (A,Φ,✂) be a quasihereditary algebra and consider the sequence of
elements (vi)i∈Φ in the free Z-module ZΦ on Φ defined recursively through the identity
vi = ǫi +
∑
j,k∈Φ
k✂j✁i
[∇j : Lk] dim (HomA (∆j ,∆i)) vk −
∑
j∈Φ
j✁i
[∆i : Lj]vj
= ǫi +
∑
j∈Φ, k∈Φ\Φ
i−
k✂j✁i
[∇j : Lk] dim (HomA (∆j ,∆i)) vk −
∑
j∈Φ\Φ
i−
j✁i
[∆i : Lj]vj ,(4.2)
where {ǫi | i ∈ Φ} constitutes the standard basis of ZΦ. Let vij be the jth coordinate of
vi for i, j ∈ Φ. Then (vij)i,j∈Φ is a family of nonnegative integers satisfying vii = 1 and
vij = 0 for every i ∈ Φ and j ∈ Φi− ∪ {k ∈ Φ | k 5 i}. Up to relabelling of indices,
the family (vij)i,j∈Φ is an invariant of the equivalence class [(A,Φ,✂)]; more precisely,
it only depends on the composition factors of the standard and costandard A-modules
and on the dimension of the Hom-spaces between standard modules. Furthermore, the
following assertions hold for every regular directed bocs B = (B,W, µ, ε) whose right
algebra is equivalent to (A,Φ,✂):
(1) vij = [Res(L
RB
i ) : L
B
j ];
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(2) for every i ∈ Φ, the B-module Res(LRBi ) has simple socle L
B
i and all its other
composition factors are of the form LBj with j ✁ i and j not an immediate pre-
decessor of i;
(3) if X is an RB-module, then
[Res(X)] =
∑
i,j∈Φ
vij [X : L
RB
i ][L
B
j ] =
∑
i∈Φ, j∈Φ\Φ
i−
j✂i
vij [X : L
RB
i ][L
B
j ].
Proof. This is a consequence of Corollary 4.3, Proposition 4.5 and Theorem 3.8. Theorem
3.8 is needed to guarantee the existence of a regular directed bocs with right algebra equi-
valent to (A,Φ,✂) and to consequently assure that all elements of the family (vij)i,j∈Φ
are nonnegative; this is the quickest way to proof the nonnegativity of (vij)i,j∈Φ. 
Remark 4.7. Given a quasihereditary algebra (A,Φ,✂), it may be convenient to record
the nonnegative integers vij described in Theorem 4.6 as entries of a matrix. By choosing
some refinement of (Φ,✂) to a total order, the integers vij may be naturally arranged
into a lower triangular matrix V[(A,Φ,✂)] with ones in the diagonal and zeros in the lower
diagonal. Such a matrix V[(A,Φ,✂)] is invertible and it is uniquely determined by the
equivalence class of (A,Φ,✂), up to certain simultaneous permutations of the rows and
columns.
Remark 4.8. By using Proposition 4.2, one concludes that the algorithm in Theorem 4.6
may be adapted and generalised to derive information about directed bocses.
Assume that (A,Φ,✂) is a quasihereditary algebra and that B = (B,W, µ, ε) is some
regular directed bocs whose right algebra is equivalent to (A,Φ,✂). Theorem 4.6 implies
that the B-module Res(LRBi ) has length ℓ(Res(L
RB
i )) =
∑
j∈Φ vij . By adjusting the
formula (4.2), one easily obtains a recursive method to compute the length of Res(LRBi )
for every i ∈ Φ.
Corollary 4.9. Let (A,Φ,✂) be a quasihereditary algebra and consider the sequence of
integers (li)i∈Φ defined recursively through the identity
li =1 +
∑
j,k∈Φ
k✂j✁i
lk[∇j : Lk] dim (HomA (∆j ,∆i))−
∑
j∈Φ
j✁i
lj[∆i : Lj]
=1 +
∑
j∈Φ, k∈Φ\Φ
i−
k✂j✁i
lk[∇j : Lk] dim (HomA (∆j ,∆i))−
∑
j∈Φ\Φ
i−
j✁i
lj [∆i : Lj ].(4.3)
The elements of the sequence (li)i∈Φ are all positive integers and
(4.4) li =
∑
j∈Φ
vij =
∑
j∈Φ\Φ
i−
j✂i
vij ,
with vij as described in Theorem 4.6. If B = (B,W, µ, ε) is a regular directed bocs whose
right algebra is equivalent to (A,Φ,✂), then ℓ(Res(LRBi )) = li for every i ∈ Φ.
Remark 4.10. Let (A,Φ,✂) be a quasihereditary algebra and regard the family of integers
(vij)i,j∈Φ described in Theorem 4.6 as a matrix V[(A,Φ,✂)]. For any regular directed bocs
B, the length li of Res(L
RB
i ) coincides with the sum of the elements in the ith row of
V[(A,Φ,✂)].
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Remark 4.11. According to the Bernstein–Gelfand–Gelfand Reciprocity Law ([17, Lem-
mas 2.4, 2.5]), the identities
(X : ∆i) = dim (HomA (X,∇i)) , (Y : ∇i) = dim (HomA (∆i, Y ))
hold for every X in F(∆), Y in F(∇) and i ∈ Φ. In particular, (Pj : ∆i) = [∇i : Lj ]
and (Qj : ∇i) = [∆i : Lj], so the recursive formulas (4.2) and (4.3) may be expressed in
alternative ways.
We illustrate the usefulness of the previous results with two examples. The next ex-
ample shows, in particular, that the sequence (li)i∈Φ in Corollary 4.9 may not be mono-
tonically increasing, even when taking the minimal adapted order of the quasihereditary
algebra (recall Remark 2.6).
Example 4.12. Consider the path algebra A = KQ, with
Q =
1
◦
2
◦
3
◦
4
◦ .
The algebra A is quasihereditary with respect to the natural order on 4 = {1, 2, 3, 4}.
The projective indecomposable A-modules are given by
P1 =
1
2
, P2 = 2 , P3 =
3
2 4
, P4 = 4 ,
and the standard modules are marked by rectangles. Using (4.2) and Remark 4.11, we
obtain v1 = ǫ1, v2 = ǫ2,
v3 =ǫ3 + (P1 : ∆1) dim (HomA (∆1,∆3)) v1
+ (P1 : ∆2) dim (HomA (∆2,∆3)) v1 − [∆3 : L1]v1
=ǫ1 + ǫ3,
v4 =ǫ4,
where the last equality is due to the fact that ∆4 is simple. Assume that B = (B,W, µ, ε)
is a regular directed bocs whose right algebra is equivalent to (A, 4,≤). According to
Theorem 4.6, Res(LRBi ) = L
B
i for i ∈ {1, 2, 4} and the B-module Res(L
RB
3 ) has simple
socle LB3 and simple top L
B
1 . By arranging the coordinates of (vi)i∈4 into a matrix, we
get
V[(A,4,≤)] =


1 0 0 0
0 1 0 0
1 0 1 0
0 0 0 1

 .
From Remark 4.10, we derive l1 = l2 = l4 = 1 and l3 = 2, hence (li)i∈4 is not increasing.
Example 4.13. Let A be quasihereditary with respect to a some poset (Φ,✂) of height
two. By Theorem 4.6, we have vij = δij for every i, j ∈ Φ. That is, the corresponding
matrix V[(A,Φ,✂)] is the identity matrix and li = 1 for every i ∈ Φ.
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4.2. Determining all the good quasihereditary algebras. We wish to determine
all the ‘good’ quasihereditary algebras, i.e. we want to find all the quasihereditary that
have a regular exact Borel subalgebra and to identify, among those, the ones that contain
a basic regular exact Borel subalgebra. With this goal in mind, we start with an easy
consequence of the results in the previous subsection.
Proposition 4.14. Let (A,Φ,✂) be a quasihereditary algebra and consider the associated
family of integers (vij)i,j∈Φ described in Theorem 4.6. Let B = (B,W, µ, ε) be a regular
directed bocs whose right algebra is equivalent to (A,Φ,✂) and set
mi =
∑
j∈Φ
vij dimL
B
j =
∑
j∈Φ\Φ
i−
j✂i
vij dimL
B
j .
The following statements hold for every i ∈ Φ:
(1) dimLRBi = dim(Res(L
RB
i )) = mi;
(2) the algebra EndA
(⊕
i∈Φ P
mi
i
)
op is naturally quasihereditary with respect to the
poset (Φ,✂) and, further, it is equivalent to (A,Φ,✂) and isomorphic to RB;
(3) up to isomorphism of algebras, RB only depends on the dimension of the simple
B-modules, on the composition factors of the standard and costandard A-modules
and on the dimension of the Hom-spaces between standard modules.
Proof. Let B = (B,W, µ, ε) be some regular directed bocs such that (A,Φ,✂) is equival-
ent to the quasihereditary algebra RB. It is clear that any restriction functor preserves
dimensions, hence dimLRBi = dim(Res(L
RB
i )). Theorem 4.6 assures that [Res(L
RB
i ) :
LBj ] = vij , so the dimension of Res(L
RB
i ) must coincide with mi. This proves (1).
Dlab and Ringel’s Standardisation Theorem ([17, Theorem 2]) implies that RB is
Morita equivalent to A, so RB must be isomorphic to EndA
(⊕
i∈Φ P
mi
i
)
op, since mi =
dimLRBi .
According to Theorem 4.6, the integers vij appearing in the definition of mi only
depend on the composition factors of the standard and costandard A-modules and on
the dimension of the Hom-spaces between standard modules. This proves (3) in the
statement of the proposition. 
We shall now translate our conclusions about regular directed bocses into statements
about regular exact Borel subalgebras of quasihereditary algebras. For this, we will make
use of the following result of Brzezin´ski, Koenig and Ku¨lshammer.
Theorem 4.15 ([6, part of Theorem 3.13 and its proof], [11, Theorem 3.6]). There is
a one-to-one correspondence between regular directed bocses and quasihereditary algebras
containing a regular exact Borel subalgebra, which restricts to a bijection between minimal
regular directed bocses and quasihereditary algebras containing a basic regular exact Borel
subalgebra. This correspondence maps a regular directed bocs B = (B,W, µ, ε) to the
associated embedding ιB : B →֒ RB of the regular exact Borel subalgebra B into the
quasihereditary algebra RB.
The next theorem provides a description of all quasihereditary algebras with a regular
exact Borel subalgebra that lie in a given equivalence class [(A,Φ,✂)]. Theorem 4.16
is also a stepping stone towards the characterisation of the quasihereditary algebras
possessing a regular exact Borel subalgebra in Theorem 4.18.
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Theorem 4.16. Let (A,Φ,✂) be a quasihereditary algebra and consider the correspond-
ing family of integers (vij)i,j∈Φ described in Theorem 4.6. The following assertions hold:
(1) for every sequence of positive integers (ki)i∈Φ there exists a regular directed bocs
B = (B,W, µ, ε) such that RB is equivalent to (A,Φ,✂) and dimL
B
i = ki for
every i ∈ Φ;
(2) for every sequence of positive integers (ki)i∈Φ there exists a quasihereditary al-
gebra (R,Φ,✂) ∈ [(A,Φ,✂)] which contains a regular exact Borel subalgebra B
satisfying dimLBi = ki for every i ∈ Φ;
(3) if (R,Ω,) ∈ [(A,Φ,✂)] has a regular exact Borel subalgebra B, then it is pos-
sible to relabel the simples over R by elements of Φ (concretely, consider any
relabelling where ∆i gets mapped to ∆
R
i , i ∈ Φ, under an equivalence of cat-
egories F(∆) → F(∆R)), so that (R,Ω,) is equivalent and isomorphic to
(EndA
(⊕
i∈Φ P
mi
i
)
op,Φ,✂) with
mi =
∑
j∈Φ\Φ
i−
j✂i
vij dimL
B
i = dimL
R
i .
Proof. Fix a quasihereditary algebra (A,Φ,✂) and a sequence of positive integers (ki)i∈Φ.
By Theorem 3.8, there exists a regular directed bocsB = (B,W, µ, ε) whose right algebra
RB is equivalent to (A,Φ,✂). Furthermore, B is a regular exact Borel subalgebra of
RB. According to Lemma 3.1, the unit ηX of the adjunction RB⊗B − ⊣ Res is a monic
for every X in B -Mod. Lemma 4.5.13 in [34] consequently implies that the functor
RB ⊗B − : B -Mod → RB -Mod is faithful, hence it gives rise to a monomorphism of
algebras
ι : B′ = EndB (G)
op −֒→ EndRB (RB ⊗B G)
op = R′,
where G is the projective genetator
⊕
i∈Φ
(
PBi
)ki
of B -Mod. Since Res is an exact func-
tor, RB⊗B − preserves projective objects ([38, Proposition 2.3.10]). Hence the algebras
B′ and R′ are Morita equivalent to B and RB, respectively, and they are both quasihered-
itary with respect to the indexing poset (Φ,✂). More precisely, (B′,Φ,✂) ∈ [(B,Φ,✂)]
and (R′,Φ,✂) ∈ [(RB,Φ,✂)] = [(A,Φ,✂)]. Furthermore, notice that dimL
B′
i = ki for
every i ∈ Φ. We claim that B′ is a regular exact Borel subalgebra of R′. To check this,
consider the functor F given by the composition
F : B′ -Mod B -Mod RB -Mod R
′ -Mod
G⊗B′− RB⊗B− HomRB (RB⊗BG,−) .
Notice that the functors G ⊗B′ − and HomRB (RB ⊗B G,−) are equivalences, so they
preserve all categorial constructions. Since B is a regular exact Borel subalgebra of RB,
then F is an exact functor which preserves all direct sums, sends simple modules to the
corresponding standard modules and induces isomorphisms
ExtnB′
(
LB
′
i , L
B′
j
)
−→ ExtnA
(
F (LB
′
i ), F (L
B′
j )
)
for every n ≥ 1 and i, j ∈ Φ. The Eilenberg–Watts Theorem (see Theorem 1 in [37] and
the first paragraph of its proof) implies that F is naturally isomorphic to R′ ⊗B′ −, so
B′ is a regular exact Borel subalgebra of R′. This proves assertion (2) in the statement
of the theorem. Part (1) follows from part (2) and Theorem 4.15.
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For part (3), note that R can be identified with the right algebra of some regular
directed bocs B = (B,W, µ, ε): this is a consequence of Theorem 4.15. Part (3) follows
then from Proposition 4.14. 
As a direct consequence of the previous theorem, one deduces the following result.
Corollary 4.17. Let (A,Φ,✂) be a quasihereditary algebra. Consider the sequence of
positive integers (li)i∈Φ described in Corollary 4.9 and set
R[(A,Φ,✂)] = EndA
(⊕
i∈Φ
P lii
)
op.
The algebra R[(A,Φ,✂)] satisfies the following properties:
(1) R[(A,Φ,✂)] is naturally quasihereditary with respect to (Φ,✂), it is equivalent to
(A,Φ,✂) and it only depends on the equivalence class [(A,Φ,✂)] of (A,Φ,✂)
(concretely, on the composition factors of the standard and costandard modules
and on the dimension of Hom-spaces between standard modules);
(2) up to isomorphism of algebras, R[(A,Φ,✂)] is the unique quasihereditary algebra
equivalent to (A,Φ,✂) that contains a basic regular exact Borel subalgebra;
(3) if B = (B,W, µ, ε) is a minimal regular directed bocs whose right algebra is
equivalent to (A,Φ,✂), then the right algebra RB of B is isomorphic to R[(A,Φ,✂)]
and consequently, up to isomorphism, RB does not depend on the choice of a
minimal regular directed bocs B.
Proof. The sequence (li)i∈Φ described in Corollary 4.9 is totally determined by the com-
position factors of the standard and costandard A-modules and by the dimension of
Hom-spaces between standard modules. Part (1) in the statement of the theorem is
therefore clear.
Part (2) follows from part (3) of Theorem 4.16 and from the formula (4.4). Part (3)
is then a consequence of part (2) and Theorem 4.15. 
Fix a quasihereditary algebra (A,Φ,✂) and picture the associated family of integers
(vij)i,j∈Φ as a matrix V[(A,Φ,✂)]. By Remark 4.7, the matrix V[(A,Φ,✂)] is nonsingular
(more precisely, it can be realised as a lower triangular with ones in the diagonal). Ar-
range the dimensions of the simples over A into a column vector b(A,Φ,✂) = (dimLi)i∈Φ.
As a highlight in this paper, we prove that (A,Φ,✂) has a regular exact Borel subalgebra
exactly when the unique solution of the linear system of equations V[(A,Φ,✂)]x = b(A,Φ,✂)
is a vector with positive integer entries.
Theorem 4.18. Let (A,Φ,✂) be a quasihereditary algebra. Consider the corresponding
matrix V[(A,Φ,✂)] = (vij)i,j∈Φ and the sequence (li)i∈Φ described, respectively, in Theorem
4.6 and Remark 4.7, and in Corollary 4.9. The following assertions hold:
(1) the algebra (A,Φ,✂) contains a regular exact Borel subalgebra if and only if there
exists a sequence of positive integers (ki)i∈Φ satisfying
(4.5) dimLi =
∑
j∈Φ\Φ
i−
j✂i
vijkj
for every i ∈ Φ, i.e. if all the entries of the unique solution of the nonsingular
linear system V[(A,Φ,✂)]x = (dimLi)i∈Φ are positive integers;
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(2) if (A,Φ,✂) has a regular exact Borel subalgebra B, then (dimLBi )i∈Φ is the
unique solution of the linear system V[(A,Φ,✂)]x = (dimLi)i∈Φ;
(3) the dimension of the simple modules over a regular exact Borel subalgebra of
(A,Φ,✂) is univocally determined by the dimension of the simple modules over
A, by the composition factors of the standard and costandard A-modules and by
the dimension of the Hom-spaces between standard modules;
(4) if B is a regular exact Borel subalgebra of (A,Φ,✂) and Res is the corresponding
restriction functor, then [Res(Li) : L
B
j ] = vij and ℓ(Res(Li)) = li for every
i, j ∈ Φ;
(5) the algebra (A,Φ,✂) contains a basic regular exact Borel subalgebra if and only
if dimLi = li for every i ∈ Φ.
Proof. We start by proving the assertions (1), (2) and (3) in the statement of the theorem.
Suppose first that (A,Φ,✂) contains a regular exact Borel subalgebra B. Part (3) of
Theorem 4.16 implies the existence of positive integers ki = dimL
B
i , i ∈ Φ, satisfying
(4.5). That is, the vector k = (ki)i∈Φ is the unique solution of the nonsingular linear
system V[(A,Φ,✁)]x = (dimLi)i∈Φ. This proves one of the implications in part (1) and
also part (2). Part (3) follows from the fact that the entries vij of the matrix V[(A,Φ,✁)]
only depend on the composition factors of the standard and costandard A-modules and
on the dimension of the Hom-spaces between standard modules (recall Theorem 4.6).
To prove the remaining implication in part (1), assume that (A,Φ,✂) is such that the
linear system V[(A,Φ,✁)]x = (dimLi)i∈Φ has a solution k = (ki)i∈Φ satisfying ki ∈ N
for every i ∈ Φ. By part (2) of Theorem 4.16, there exists a quasihereditary algebra
(R,Φ,✂) ∈ [(A,Φ,✂)] which contains a regular exact Borel subalgebra B satisfying
dimLBi = ki for every i ∈ Φ. According to part (3) of Theorem 4.16, (R,Φ,✂) is
equivalent and isomorphic to (EndA
(⊕
i∈Φ P
mi
i
)
op,Φ,✂) with
mi =
∑
j∈Φ\Φ
i−
j✂i
vij dimL
B
i =
∑
j∈Φ\Φ
i−
j✂i
vijki = dimLi,
where the last equality follows from k being a solution of V[(A,Φ,✁)]x = (dimLi)i∈Φ.
Hence R is isomorphic to A and A contains a regular exact Borel subalgebra.
In order to prove assertion (4), note that the inclusion of a regular exact Borel subal-
gebra B into a quasihereditary algebra (A,Φ,✂) can be regarded as the inclusion of B
into the right algebra RB of a regular directed bocs B = (B,W, µ, ε), by Theorem 4.15.
Hence, assertion (4) follows from part (1) of Theorem 4.6 and Corollary 4.9.
Part (5) follows from Corollary 4.17 or, alternatively, from parts (1) and (2). 
Example 4.19. Let (A, 4,≤) be the (basic) quasihereditary algebra discussed in Ex-
ample 4.12 and notice the matrix V[(A,4,≤)] computed in there. The unique solution of
the linear system V[(A,4,≤)]x = (1)i∈4 is (ki)i∈4 with k1 = k2 = k4 = 1 and k3 = 0. By
Theorem 4.18, (A, 4,≤) has no regular exact Borel subalgebra.
Example 4.20. Recall the conclusions in Example 4.13. Part (1) of Theorem 4.18
consequently implies that every quasihereditary algebra with an indexing poset of height
at most 2 has a regular exact Borel subalgebra. In particular, every quasihereditary
algebra with at most two nonisomorphic simple modules has an exact Borel subalgebra:
this had already been proved in [30, Theorem 4.58].
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The previous results prompt us to reserve a special name for the quasihereditary
algebras that contain a regular exact Borel subalgebra.
Definition 4.21. A quasihereditary algebra (A,Φ,✂) is good if it contains a regular
exact Borel subalgebra. A good quasihereditary algebra is minimal if it contains a basic
regular exact Borel subalgebra.
Theorem 4.18 gives a criterion to single out the good quasihereditary algebras and The-
orem 4.16 describes all the good algebras belonging to a fixed equivalence class [(A,Φ,✂)].
According to Corollary 4.17, there exists essentially one minimal good quasihereditary
per equivalence class: the algebra (R[(A,Φ,✂)],Φ,✂) is the minimal good representative
of [(A,Φ,✂)].
We conclude this subsection with an application of Corollary 4.17.
Example 4.22. Let (A, 4,≤) be the (basic) quasihereditary algebra discussed in Ex-
ample 4.12. We have checked in Example 4.19 that (A, 4,≤) contains no regular exact
Borel subalgebra. Recall that l1 = 1, l2 = 1, l3 = 2 and l4 = 1. According to Corol-
lary 4.17, the algebra (R[(A,4,≤)], 4,≤) with R[(A,4,≤)] = EndA
(
P1 ⊕ P2 ⊕ P
2
3 ⊕ P4
)
op is
a minimal good quasihereditary algebra. To be precise, up to isomorphism of algebras,
R[(A,4,≤)] is the unique quasihereditary algebra in [(A, 4,≤)] that contains a basic regular
exact Borel subalgebra, say B. Since B is regular (recall Definiton 2.8), then
Ext1B
(
LBi , L
B
j
)
∼= Ext1R[(A,4,≤)]
(
∆
R[(A,4,≤)]
i ,∆
R[(A,4,≤)]
j
)
∼= Ext1A (∆i,∆j) .
Using this information, it is not difficult to conclude that B must be isomorphic to
the path algebra of the quiver
1
◦
2
◦
3
◦
4
◦a
b
c .
The path cb is nonzero in B because there exists an indecomposable A-module which is
filtered by ∆1, ∆3 and ∆4.
Call to mind the structure of the projective indecomposable A-modules, described
in Example 4.12. The elements of R[(A,4,≤)] = EndA
(
P1 ⊕ P2 ⊕ P
2
3 ⊕ P4
)
op can be
regarded as 5 × 5 matrices whose entries are homomorphisms between projective in-
decomposable A-modules. Consider the assignment
e1 7−→


1P1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1P3 0
0 0 0 0 0

 , e2 7−→


0 0 0 0 0
0 1P2 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,
e3 7−→


0 0 0 0 0
0 0 0 0 0
0 0 1P3 0 0
0 0 0 0 0
0 0 0 0 0

 , e4 7−→


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1P4

 ,
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a 7−→


0 f 0 0 0
0 0 0 0 0
0 0 0 0 0
0 g 0 0 0
0 0 0 0 0

 , b 7−→


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1P3 0 0
0 0 0 0 0

 ,
c 7−→


0 0 0 0 0
0 0 0 0 0
0 0 0 0 h
0 0 0 0 0
0 0 0 0 0

 ,
where the maps f ∈ HomA (P2, P1), g ∈ HomA (P2, P3) and h ∈ HomA (P4, P3) embed
the simple projectives P2 = L2 and P4 = L4 into the socle of P1 and P3, respectively. One
can check that this correspondence gives rise to an injective homomorphism of algebras
ι : B →֒ R[(A,4,≤)], where the multiplication in R[(A,4,≤)] is identified with the operation
opposite to the usual matrix multiplication. The embedding ι turns B into a (basic)
regular exact Borel subalgebra of (R[(A,4,≤), 4,≤).
4.3. More on regular exact Borel subalgebras and regular directed bocses.
We shall now see that the Cartan matrix of a regular exact Borel subalgebra of any
quasihereditary algebra in [(A,Φ,✂)] only depends on the equivalence class [(A,Φ,✂)],
namely on the composition factors of the standard and costandard A-modules and on
the dimension of the Hom-spaces between standard modules.
The Cartan matrix C[A] of an algebra A whose simple modules are indexed by a
set Φ is given by ([Pi : Lj])i,j∈Φ. Note that C[A] is Morita invariant and observe that
C[Aop] = (C[A])
T .
If A is quasihereditary with respect to a poset (Φ,✂), define the ∆-decomposition
matrix and the ∇-decomposition matrix, respectively, as
D∆[(A,Φ,✂)] = ([∆i : Lj])i,j∈Φ , D
∇
[(A,Φ,✂)] = ([∇i : Lj ])i,j∈Φ .
By considering a refinement of (Φ,✂) to a total order, D∆[(A,Φ,✂)] and D
∇
[(A,Φ,✂)] can be
seen as lower triangular matrices with ones in the diagonal, so they are clearly invertible.
Consider also the ∆- and the ∇-filtration matrices
F∆[(A,Φ,✂)] = ((Pi : ∆j))i,j∈Φ , F
∇
[(A,Φ,✂)] = ((Qi : ∇j))i,j∈Φ ,
and note that F∆[(A,Φ,✂)] = (D
∇
[(A,Φ,✂)])
T and F∇[(A,Φ,✂)] = (D
∆
[(A,Φ,✂)])
T (recall Remark
4.11). The decomposition and filtration matrices are invariant under equivalence of
quasihereditary algebras. Notice that C[B] = F
∆
[(B,Φ,✂)] and C[Bop] = D
∇
[(B,Φ,✂)] for any
quasihereditary algebra (B,Φ,✂) with simple standard modules.
In the following theorem, we use the notation ℓ∆(X) for the number of standard
modules appearing in a ∆-filtration of X in F(∆).
Theorem 4.23. Let (A,Φ,✂) be a quasihereditary algebra. Consider the corresponding
matrix V[(A,Φ,✂)] = (vij)i,j∈Φ and the sequence (li)i∈Φ described, respectively, in The-
orem 4.6 and Remark 4.7, and in Corollary 4.9. Assume that B is a regular exact Borel
subalgebra of some quasihereditary algebra equivalent to (A,Φ,✂) or suppose (equival-
ently) that B = (B,W, µ, ε) is a regular directed bocs whose right algebra is equivalent to
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(A,Φ,✂). The simples over B may be naturally indexed by the poset (Φ,✂) so that the
following holds:
(1) [QBi : L
B
j ] = [P
B
j : L
B
i ] =
∑
k∈Φ
[∇i : Lk]vkj =
∑
k∈Φ
j✂k✂i
[∇i : Lk]vkj ;
(2) ℓ
(
QBi
)
=
∑
j∈Φ
j✂i
[∇i : Lj]ℓj and ℓ
(
PBi
)
=
∑
k∈Φ
i✂k
ℓ∆(Pk)vki;
(3) C[Bop] = D
∇
[(B,Φ,✂)] = D
∇
[(A,Φ,✂)]V[(A,Φ,✂)];
(4) C[B] = F
∆
[(B,Φ,✂)] = (V[(A,Φ,✂)])
TF∆[(A,Φ,✂)];
(5) (dimQBi )i∈Φ = D
∇
[(A,Φ,✂)]V[(A,Φ,✂)](dimL
B
i )i∈Φ;
(6) (dimPBi )i∈Φ = (V[(A,Φ,✂)])
TF∆[(A,Φ,✂)](dimL
B
i )i∈Φ;
(7) dimB =
∑
i∈Φ
dimQBi dimL
B
i =
∑
i∈Φ
dimPBi dimL
B
i ;
(8) dimW = dimB +
∑
i,j∈Φ
j✁i
dim
(
HomRB
(
∆RBj ,∆
RB
i
))
dimLBj
dimPBi dimQ
B
j .
In particular, the invariants in (1) to (4) are completely determined by the composition
factors of the standard and costandard A-modules and by the dimension of the Hom-
spaces between standard modules, so they only depend on [(A,Φ,✂)]. The remaining
invariants depend additionally on the dimension of the simple B-modules.
Proof. According to Theorem 4.15, we may restrict ourselves to the setting where B =
(B,W, µ, ε) is a regular directed bocs whose right algebra is equivalent to (A,Φ,✂). In
this case, B is a (regular) exact Borel subalgebra of RB. Recall the adjoint triple in
(3.1), namely that Res is left adjoint to HomB (RB,−). Since Res is an exact func-
tor, HomB (RB,−) preserves injective objects ([38, Proposition 2.3.10]). Consequently,
HomB
(
RB, Q
B
j
)
is an injective RB-module. Note that
dim
(
HomRB
(
LRBk ,HomB
(
RB, Q
B
j
)))
= dim
(
HomB
(
Res(LRBk ), Q
B
j
))
= [Res(LRBk ) : L
B
j ] = vkj ,
by Theorem 4.6. Hence
HomB
(
RB, Q
B
j
)
∼=
⊕
k∈Φ
(QRBk )
vkj .
Using Theorem 4.1, we get
HomB
(
QBi , Q
B
j
)
∼= HomB
(
Res(∇RBi ), Q
B
j
)
∼= HomRB
(
∇RBi ,HomB
(
RB, Q
B
j
))
.
It follows that
dim
(
HomB
(
QBi , Q
B
j
))
= dim
(
HomRB
(
∇RBi ,
⊕
k∈Φ
(QRBk )
vkj
))
=
∑
k∈Φ
[∇RBi : L
RB
k ]vkj =
∑
k∈Φ
j✂k✂i
[∇i : Lk]vkj .
Now note that
[QBi : L
B
j ] = dim
(
HomB
(
QBi , Q
B
j
) )
= dim
(
HomB
(
PBj , Q
B
i
) )
= [PBj : L
B
i ],
QUASIHEREDITARY ALGEBRAS WITH A REGULAR EXACT BOREL SUBALGEBRA 27
and this concludes the proof of the identities in (1). The first equality in (2) follows from
(1) and from (4.4). Analogously, the second identity in (2) results from (1) and from
the fact that [∇j : Lk] = (Pk : ∆j), as pointed out in Remark 4.11. The equality in (3)
is merely a rephrasing of (1). Note that (4) is obtained from (3) by transposition. The
equalities in (5) and (6) follow from (3) and (4), respectively, and from the definition
of Cartan matrix. The identity in (7) holds for any algebra over an algebraically closed
field. Finally, the equality in (8) follows from the decompositions W ∼= B ⊕ Ker ε in
B -Mod and Ker ε ∼=
⊕
i,j∈Φ(Bei ⊗K ejB)
nij in B ⊗K B
op -Mod, where
nij =
dim
(
HomRB
(
∆RBj ,Rad∆
RB
i
))
dimLBj
,
as deduced in Lemma 3.7. 
The following example demonstrates how the results deduced so far can be used to
perform concrete computations.
Example 4.24. Let n ∈ N and consider the algebra A = KQ/I, with
Q =
1
◦
2
◦ · · ·
n−1
◦
n
◦
α1
β1
α2
β2
αn−2
βn−2
αn−1
βn−1
and I the admissible ideal of KQ generated by the relations αn−1βn−1 and by αi+1αi,
βiβi+1 and αiβi − βi+1αi+1, for i = 1, . . . , n− 2. The algebra A is quasihereditary with
respect to the natural ordering on n = {1, . . . , n}. In [20], Erdmann proved that the
finite representation type blocks of a Schur algebra are always Morita equivalent to A
for particular instances of n.
The projective indecomposable A-modules may be represented in the following way
P1 =
1
2
1
, Pi =
i
i− 1 i+ 1
i
, i = 2, . . . , n− 1, Pn =
n
n− 1
,
where the standard modules are marked by rectangles. Using (4.2) and the Bernstein–
Gelfand–Gelfand Reciprocity Law (Remark 4.11), we get
vi = ǫi +
∑
1≤k≤i−2
k≤j≤i−1
(Pk : ∆j) dim
(
HomA (∆j ,∆i)
)
vk −
∑
1≤j≤i−2
[∆i : Lj]vj .
Note that most of the summands in the expression above are zero. In fact, v1 = ǫ1,
v2 = ǫ2 and vi = ǫi + vi−2 for 2 < i ≤ n. As a result,
vi =
∑
1≤j≤i
j≡i(mod 2)
ǫj.
Hence vij = 1 if 1 ≤ j ≤ i and j ≡ i(mod 2), and vij = 0 otherwise. If B = (B,W, µ, ε)
is a regular directed bocs whose right algebra is equivalent to (A, n,≤), then Theorem
4.6 implies that the B-module Res
(
LRBi
)
has composition factors LBi , L
B
i−2, L
B
i−4, and
so on.
28 TERESA CONDE
Using (4.4), we obtain li = ⌈
i
2⌉, so the minimal good representative of [(A, n,≤)] is
R[(A,n,≤)] = EndA
(
n⊕
i=1
P
⌈ i2 ⌉
i
)
op,
that is, up to isomorphism of algebras, this is the unique quasihereditary algebra equi-
valent to (A, n,≤) that contains a basic regular exact Borel subalgebra (recall Corollary
4.17).
Suppose now that B is a regular exact Borel subalgebra of some algebra equivalent
to (A, n,≤). By Theorem 4.23, QB1
∼= LB1 and
[QBi : L
B
j ] = [P
B
j : L
B
i ] = (Pi : ∆i)vij + (Pi−1 : ∆i)v(i−1)j = vij + v(i−1)j ,
for 1 < i ≤ n and j ∈ n. Consequently, [QBi : L
B
j ] = [P
B
j : L
B
i ] = 1 for every i, j ∈ n
with j ≤ i. The Cartan matrix of B is therefore upper triangular with all the entries on
the diagonal and above equal to one. Moreover, ℓ(QBi ) = i and ℓ(P
B
i ) = n − i + 1 for
every i ∈ n.
If, in addition, B is basic, then dimQBi = i, dimP
B
i = n− i+ 1 and
dimB =
n∑
i=1
i =
n(n+ 1)
2
,
which agrees with the computations in [30, §5.1], based on the work in [26, 27]. In this
case,
dimW = dimB +
∑
i,j∈n
j<i
dim
(
HomA (∆j ,∆i)
)
dimPBi dimQ
B
j
=
n(n+ 1)
2
+
n∑
i=2
dimPBi dimQ
B
i−1 =
n(n+ 1)
2
+
n∑
i=2
(n− i+ 1)(i− 1)
=
n(n+ 1)
2
+
(n− 1)n(n+ 1)
6
=
n(n+ 1)(n+ 2)
6
.
We shall now deduce two further consequences of the previous results.
Corollary 4.25. Let (A,Φ,✂) be a quasihereditary algebra containing a regular exact
Borel subalgebra B. Then the dimensions dimLBi , dimP
B
i , dimQ
B
i and dimB are
completely and univocally determined by the composition factors of the standard and
costandard A-modules, by the dimension of the Hom-spaces between standard A-modules
and by the dimension of the simple A-modules.
Proof. Combine part (3) of Theorem 4.18 and Theorem 4.23. 
A one-to-one correspondence between the isomorphism classes of minimal regular dir-
ected bocses and the equivalence classes of quasihereditary algebras, sending a bocs to
the equivalence class of its right algebra, shall be provided in upcoming work of Ku¨lsham-
mer and Miemietz (see [30, Theorem 4.26]; we refer to [7, §17.12] for the definition of
isomorphism of bocses). We have not been able to show that any two minimal regular
directed bocses whose corresponding right algebras are equivalent as quasihereditary al-
gebras must be isomorphic as bocses. However, we prove that any two such bocses have
a lot of data in common.
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Corollary 4.26. Let B = (B,W, µ, ε) and B′ = (B′,W ′, µ′, ε′) be two regular directed
bocses whose corresponding right algebras are equivalent. It is possible to label the simples
over B and B′ by the elements of same set Φ in a way which is compatible with the equi-
valence of RB and RB′ . For such a labelling, the Cartan matrices of B and B
′ coincide,
and consequently ℓ(PBi ) = ℓ(P
B′
i ) and ℓ(Q
B
i ) = ℓ(Q
B′
i ) for every i ∈ Φ. Moreover, the
following conditions are equivalent:
(1) dimLBi = dimL
B′
i for every i ∈ Φ;
(2) dimLRBi = dimL
R
B′
i for every i ∈ Φ;
(3) dimPBi = dimP
B′
i for every i ∈ Φ;
(4) dimQBi = dimQ
B′
i for every i ∈ Φ;
(5) dimPRBi = dimP
R
B′
i for every i ∈ Φ;
(6) dimQRBi = dimQ
R
B′
i for every i ∈ Φ;
(7) dim∆RBi = dim∆
R
B′
i for every i ∈ Φ;
(8) dim∇RBi = dim∇
R
B′
i for every i ∈ Φ.
If one of the conditions (1) to (8) is satisfied, then RB and RB′ are isomorphic algebras,
dimB = dimB′ and dimW = dimW ′. In particular, if B and B′ are both minimal, then
conditions (1) to (8) are satisfied, RB ∼= RB′ , dimB = dimB
′ and dimW = dimW .
Proof. Let B = (B,W, µ, ε) and B′ = (B′,W ′, µ′, ε′) be two regular directed bocses
whose right algebras are equivalent. Index the simples over B and B′ by a poset (Φ,✂)
in a way which is compatible with the equivalence of RB and RB′ . That is, the labelling
should be such that (RB,Φ,✂) and (RB′ ,Φ,✂) are equivalent via an equivalence of
categories F(∆RB)→ F(∆RB′ ) that maps ∆RBi to ∆
R
B′
i .
By Theorem 4.23, the Cartan matrices of B and B′ must coincide and the same holds
for the lengths of the projective and injective indecomposables over B and B′. This
proves the initial part of the corollary.
We now show that the statements (1) to (8) are equivalent. Since V[(RB,Φ,✂)] equals
V[(R
B′ ,Φ,✂)]
, Theorem 4.18 implies that (1) and (2) are equivalent. The equivalence
of the statements (1), (3) and (4) follows from the fact that the (invertible) matrices
C[B] and C[B′] (and C[Bop] and C[B′op]) coincide. Similarly, the conditions (2), (7) and
(8) are equivalent because D∆[(RB,Φ,✂)] = D
∆
[(R
B′ ,Φ,✂)]
and D∇[(RB,Φ,✂)] = D
∇
[(R
B′ ,Φ,✂)]
and these matrices are invertible. Since F∆[(RB,Φ,✂)] and F
∆
[(R
B′ ,Φ,✂)]
coincide, then the
assertions (5) and (7) must also be equivalent. In an analogous way, using the identity
F∇[(RB,Φ,✂)] = F
∇
[(R
B′ ,Φ,✂)]
, we conclude that (6) and (8) are equivalent statements.
Finally, if condition (2) is met, it follows from part (3) of Theorem 4.16 that the
algebras RB and RB′ are isomorphic. By Theorem 4.23, it is clear that the identities
dimB = dimB′ and dimW = dimW hold whenever one of the assertions (1) to (8) is
satisfied. 
Remark 4.27. In the light of the result announced in [30, Theorem 4.26], one should
expect that any two regular directed bocses B = (B,W, µ, ε) and B′ = (B′,W ′, µ′, ε′)
whose right algebras are equivalent and for which one of the conditions (1) to (8) in
Corollary 4.26 holds must be isomorphic as bocses.
We close this section with an application of Theorem 4.23 to two nonequivalent quasi-
hereditary algebras having “identical data”.
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Example 4.28. Fix n ∈ N. Consider the bound quiver algebras A = KQ/J and
A′ = KQ/J ′, where Q is the quiver with n vertices in Example 4.24 and the ideals J
and J ′ are defined by
J = 〈αn−1βn−1, αiβi − βi+1αi+1 for i = 1, . . . , n− 2〉,
J ′ = 〈αiβi for i = 1, . . . , n− 1〉.
Both algebras are quasihereditary with respect to the natural order on the set n =
{1, . . . , n}. The algebra A is the Auslander algebra of K[x]/〈xn〉 and A′ is the dual
extension algebra of the linearly oriented quiver of type An, in the sense of [13, §1.3].
The projective indecomposable A-module with top L1 is given by
(4.6)
1
2
3 1
4 2
n 3 1
n− 1 2
n− 2 1
n− 3
1
.
The remaining projective indecomposable A-modules are submodules of P1. To be pre-
cise, Pi can be identified with the largest submodule of P1 with top Li. The projective
A′-module with simple top labelled by 1 is similar to (4.6), but having the green edges
removed. As before, the rest of the projective indecomposable A′-modules are submod-
ules of the projective with top labelled by 1. In both cases, the standard modules are
uniserial and have the same composition series. The module ∆n is marked by rect-
angles in (4.6) and ∆i ∼= Rad
n−i∆n for every i ∈ n. The multiplicities [∆i : Lj] and
[∇i : Lj ] = (Pj : ∆i) are the same for A and A
′ and the dimension of the Hom-spaces
between standard modules also coincides for both algebras.
Suppose that B and B′ are minimal regular directed bocses whose right algebras are
equivalent to (A, n,≤) and to (A′, n,≤), respectively. It follows from Theorem 4.23 that
the bocses B and B′ have a lot of data in common, but they cannot be isomorphic since
(A, n,≤) and (A′, n,≤) are not equivalent.
Suppose that B is a regular exact Borel subalgebra of some quasihereditary algebra
(R, n,≤) which is either equivalent to (A, n,≤) or to (A′, n,≤) and let Res : R -Mod→
B -Mod be the associated restriction functor. Using (4.2), we get v1 = ǫ1, v2 = ǫ2 and
vi = ǫi +
∑
1≤k≤i−2
k≤j≤i−1
(Pk : ∆j) dim
(
HomA (∆j ,∆i)
)
vk −
∑
1≤j≤i−2
[∆i : Lj ]vj
= ǫi +
∑
1≤k≤i−2
(i − k)vk −
∑
1≤j≤i−2
vj = ǫi +
∑
1≤k≤i−2
(i− k − 1)vk,
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for 2 < i ≤ n. It then follows that
vi =
i−2∑
k=1
2i−k−2ǫk + ǫi.
According to Theorem 4.6 and Corollary 4.9, we have
[Res(LRi ) : L
B
j ] = vij =


2i−j−2 if j ≤ i− 2
1 if j = i
0 otherwise
, ℓ(Res(LRi )) = li =
i−3∑
j=0
2j + 1.
So li = 1 if i = 1 and li = 2
i−2 if 1 < i ≤ n, and the minimal good representative
of [(A, n,≤)] (resp. of [(A′, n,≤)]) is isomorphic to the opposite of the endomorphism
algebra of P1 ⊕ (
⊕n
i=2 Pi
2i−2) over A (resp. over A′).
By Theorem 4.23, the composition factors of the projective indecomposable modules
over the regular exact Borel subalgebra B of (R, n,≤) are given by
[PBj : L
B
i ] =
∑
j≤k≤i
(Pk : ∆i)vkj =
∑
j≤k≤i
vkj = 1 +
i−j−2∑
k=0
2k =


2i−j−1 if i > j
1 if i = j
0 otherwise
.
Assuming additionally that B is basic, we obtain
dimPBj = ℓ
(
PBj
)
=
n∑
i=j+1
2i−j−1 + 1 =
n−j−1∑
i=0
2i + 1 = 2n−j
and dimB =
∑n
j=1 2
n−j = 2n − 1.
5. Basic quasihereditary algebras with a regular exact Borel
subalgebra
The results in Section 4 shall now be applied to characterise the basic quasihereditary
algebras that admit a regular exact Borel subalgebra. Before doing so, we recall the no-
tion of right minimal approximation and state an alternative description of the category
of ∇-filtered modules over a quasihereditary algebra.
A map f : X → Y in A -mod is called a right minimal morphism if every endomorph-
ism g : X → X satisfying f = f ◦ g is an automorphism. See [2, Section 1] or [1,
Proposition 1.1] for the key properties of minimal morphisms. Note, in particular, that
nonzero morphisms with indecomposable domain are always right minimal.
Let now X be a class of modules in A -mod. A morphism f : X → Y in A -mod, with
X in X , is said to be a right X -approximation of Y if the map
HomA (X
′, f) : HomA (X
′, X) −→ HomA (X
′, Y )
is surjective for all X ′ in X . Finally, say that a map is a right minimal X -approximation
if it is both a right X -approximation and a right minimal morphism.
In order to prove the next result, the following description of the category of∇-filtered
modules over a quasihereditary algebra (A,Φ,✂) is necessary:
F(∇) = {Y ∈ A -mod | Ext1A (∆i, Y ) = 0, ∀i ∈ Φ}(5.1)
= {Y ∈ A -mod | ExtnA (X,Y ) = 0, ∀X ∈ F(∆), ∀n ≥ 1}.(5.2)
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For a proof of the identities above, we refer to [17, Theorem 1].
Proposition 5.1. Let (A,Φ,✂) be a quasihereditary algebra and consider the corres-
ponding families of integers (vij)i,j∈Φ and (li)i∈Φ described, respectively, in Theorem 4.6
and in Corollary 4.9. Fix i ∈ Φ. The following conditions are equivalent:
(1) li = 1;
(2) vij = δij for every j ∈ Φ;
(3) ∆i is an F(∆)-approximation of the simple A-module Li;
(4) Rad∆i belongs to F(∇);
(5) the map Ext1A (X, πi) : Ext
1
A (X,∆i) → Ext
1
A (X,Li), where πi denotes the epic
from ∆i to Li, is an isomorphism for every X in F(∆);
(6) the map Ext1A (∆j , πi) : Ext
1
A (∆j ,∆i) → Ext
1
A (∆j , Li), where πi denotes the
epic from ∆i to Li, is an isomorphism for every j ✁ i.
Proof. (1)⇒ (2): Combine Theorem 4.6 and (4.4) in Corollary 4.9.
(2) ⇒ (3): Suppose that vij = δij for every j ∈ Φ. Let B = (B,W, µ, ε) be some
regular directed bocs whose right algebra is equivalent to (A,Φ,✂): by Thereom 3.8
such a bocs always exist. Theorem 4.6 implies that Res(LRBi )
∼= LBi . Consequently
RB ⊗B Res(L
RB
i )
∼= ∆RBi , since B is an exact Borel subalgebra of RB. Denote by θ
the counit of the adjunction RB ⊗B − ⊣ Res. According to Theorems 10.4 and 11.3
in [29], the category of ∆-filtered RB-modules coincides with the full subcategory of
RB -mod of modules isomorphic to RB ⊗B X for X in B -mod. The universal property
of θ then guarantees that θX : RB ⊗B Res(X) → X is a right F(∆)-approximation of
X for every X in RB -mod. In particular, ∆
RB
i is a right F(∆)-approximation of L
RB
i .
Since (A,Φ,✂) is equivalent to RB, we deduce that ∆i is an F(∆)-approximation of the
simple A-module Li.
(3) ⇒ (4): Assume that (3) holds. The epic πi : ∆i ։ Li is then an F(∆)-
approximation. Actually, the map πi is a right minimal F(∆)-approximation since the
module ∆i is indecomposable. Using Wakamatsu’s Lemma ([1, Lemma 1.3]) and the
identity (5.1), we conclude that Kerπi = Rad∆i lies in F(∇).
(4) ⇒ (1): Suppose that Rad∆i ∈ F(∇). We show that li = 1. Recall the formula
(4.3) and note that
li = 1 +
∑
j,k∈Φ
k✂j✁i
lk[∇j : Lk] dim (HomA (∆j ,∆i))−
∑
j∈Φ
j✁i
lj [∆i : Lj ]
= 1 +
∑
j,k∈Φ
k✂j✁i
lk[∇j : Lk] dim (HomA (∆j ,Rad∆i))−
∑
j∈Φ
j✁i
lj [Rad∆i : Lj ]
= 1 +
∑
j,k∈Φ
k✂j✁i
lk[∇j : Lk](Rad∆i : ∇j)−
∑
j∈Φ
j✁i
lj [Rad∆i : Lj ],
where the last equality follows from Remark 4.11. Observe now that∑
j∈Φ
k✂j✁i
[∇j : Lk](Rad∆i : ∇j) = [Rad∆i : Lk].
This implies that li = 1.
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(4) ⇒ (5): Suppose that Rad∆i is ∇-filtered. Let X be in F(∆), apply the functor
HomA (X,−) to
(5.3) 0 Rad∆i ∆i Li 0
pii
and consider the corresponding long exact sequence. Using (5.2), we get an isomorphism
Ext1A (X, πi) : Ext
1
A (X,∆i)→ Ext
1
A (X,Li).
(5)⇒ (6): This implication is clear.
(6) ⇒ (4): Let j ∈ Φ, apply the functor HomA (∆j ,−) to the short exact (5.3) and
consider the corresponding long exact sequence
0 HomA (∆j ,Rad∆i) HomA (∆j ,∆i) HomA (∆j , Li)
Ext1A (∆j ,Rad∆i) Ext
1
A (∆j ,∆i) Ext
1
A (∆j , Li) .
f
d
g h
If j ✁ i, then h is an isomorphism by hypothesis and HomA (∆j , Li) = 0, therefore
Ext1A (∆j ,Rad∆i) = 0. If j 6⊳ i, then Ext
1
A (∆j ,∆i) = 0 by condition (3) in the
definition of quasihereditary algebra (Definition 2.1). Since HomA (∆j , Li) = 0 for j 6= i,
it follows that Ext1A (∆j ,Rad∆i) = 0 whenever j 6⊳ i and j 6= i. Finally, if j = i, the
map f is an isomorphism and Ext1A (∆i,∆i) = 0, so Ext
1
A (∆i,Rad∆i) = 0. This shows
that Ext1A (∆j ,Rad∆i) = 0 for every j ∈ Φ. According to (5.1), the module Rad∆i lies
in F(∇). 
As a consequence of Proposition 5.1, we determine when all quasihereditary algeb-
ras in an equivalence class are good and we also obtain a characterisation of the basic
quasihereditary algebras that possess a regular exact Borel subalgebra.
Theorem 5.2. Let (A,Φ,✂) be a quasihereditary algebra. Consider the corresponding
matrix V[(A,Φ,✂)] = (vij)i,j∈Φ and the sequence (li)i∈Φ described, respectively, in Theorem
4.6 and Remark 4.7, and in Corollary 4.9. The following conditions are equivalent:
(1) every algebra in [(A,Φ,✂)] is good (i.e. every quasihereditary algebra equivalent
to (A,Φ,✂) has a regular exact Borel subalgebra);
(2) the minimal good representative of [(A,Φ,✂)] is basic;
(3) the sequence (li)i∈Φ is constant and equal to one;
(4) V[(A,Φ,✁)] is the identity matrix;
(5) for every i ∈ Φ, ∆i is an F(∆)-approximation of the simple A-module Li;
(6) Rad∆i belongs to F(∇) for every i ∈ Φ;
(7) the map Ext1A (X, πi) : Ext
1
A (X,∆i) → Ext
1
A (X,Li), where πi denotes the epic
from ∆i to Li, is an isomorphism for every X in F(∆) and every i ∈ Φ;
(8) the map Ext1A (∆j , πi) : Ext
1
A (∆j ,∆i) → Ext
1
A (∆j , Li), where πi denotes the
epic from ∆i to Li, is an isomorphism for every i, j ∈ Φ satisfying j ✁ i.
Assuming that A is basic, then the algebra (A,Φ,✂) contains a regular exact Borel sub-
algebra if and only if it contains a basic regular exact Borel subalgebra if and only if one
of the equivalent conditions (1) to (8) holds.
Proof. By Corollary 4.17, the minimal good representative of [(A,Φ,✂)] is basic if and
only if li = 1 for every i ∈ Φ. The equivalence of the conditions (2) to (8) follows then
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from Proposition 5.1. We only show that assertion (1) is also equivalent to conditions
(2) to (8) by the end of this proof.
For now assume, within this paragraph, that A is basic. We prove first that (A,Φ,✂)
has a regular exact Borel subalgebra if and only if it contains a basic regular exact Borel
subalgebra. One of the implications is obvious. So suppose that (A,Φ,✂) contains a
regular exact Borel subalgebra B. We shall see that B must be basic. In fact, by parts
(1) and (2) of Theorem 4.18, we have
1 =
∑
j∈Φ
vij dimL
B
j
for every i ∈ Φ. Since vij ∈ Z≥0 and vii = 1 (recall Theorem 4.6), we must have
dimLBi ≤ 1 for every i ∈ Φ. Therefore dimL
B
i = 1 for all i ∈ Φ and B is basic, as
claimed. Recall now part (5) of Theorem 4.18 and note that (A,Φ,✂) contains a basic
regular exact Borel subalgebra if and only if li = 1 for every i ∈ Φ, that is, if and only
if condition (3) in the statement of the theorem holds, i.e. if and only if the equivalent
conditions (2) to (8) hold for (A,Φ,✂).
It remains to show that assertion (1) is equivalent to conditions (2) to (8) in the general
setting where (A,Φ,✂) is not necessarily basic. So suppose again that (A,Φ,✂) is an
arbitrary quasihereditary algebra. By part (1) of Theorem 4.18, assertion (4) implies
(1). Suppose now that condition (1) holds. It follows that the basic version of (A,Φ,✂),
say (A′,Φ,✂), has a regular exact Borel subalgebra. As seen in the previous paragraph,
this implies that conditions (2) to (8) hold for (A′,Φ,✂). Since [(A′,Φ,✂)] = [(A,Φ,✂)],
assertion (2) must hold (A,Φ,✂). This concludes the proof of the theorem. 
Example 5.3. Let (A,Φ,✂) be a quasihereditary algebra such that all standard modules
are simple. Then Rad∆i = 0 for every i ∈ Φ, so the radical of every standard module
is ∇-filtered. By Theorem 5.2, every quasihereditary algebra equivalent to (A,Φ,✂)
has a regular exact Borel subalgebra. In particular, (A,Φ,✂) has a regular exact Borel
subalgebra. Using the definition, it is easy to conclude that A is its own regular exact
Borel subalgebra.
Example 5.4. Let (A,Φ,✂) be a quasihereditary algebra such that all costandard mod-
ules are simple. Then Rad∆i is trivially ∇-filtered for every i ∈ Φ and Theorem 5.2
assures that (A,Φ,✂) (as well as every algebra in [(A,Φ,✂)]) has a regular exact Borel
subalgebra. We claim that the semisimple algebra A/RadA is a good exact Borel subal-
gebra of (A,Φ,✂). In order to see this, observe first that li = 1 for every i ∈ Φ, by part
(3) of Theorem 5.2. Part (2) of Theorem 4.23 subsequently implies that the injective
indecomposable modules over a regular exact Borel subalgebra B of (A,Φ,✂) have to be
simple, i.e. B must be isomorphic to A/RadA. The Wedderburn–Malcev Theorem (see
Theorem 3.6.9 in [41]) also confirms that A/RadA is a subalgebra of (A,Φ,✂) which is
additionally a regular exact Borel subalgebra.
5.1. An application. We conclude this paper by describing a class of quasihereditary
algebras whose Ringel dual contains a basic regular exact Borel subalgebra.
The Ringel dual R(A) of a quasihereditary algebra (A,Φ,✂) was first considered in
[35] and it is defined as EndA (T )
op, where the module T is a multiplicity-free additive
generator of the categoryF(∆)∩F(∇). It is common to refer to a module in F(∆)∩F(∇)
as a tilting module. The indecomposable tilting modules are in bijection with the elements
of Φ. We write T =
⊕
i∈Φ Ti, where the module Ti in F(∆) ∩ F(∇) is characterised by
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the following property: it is filtered by stardard modules of the form ∆j with j ✂ i and
satisfies (Ti : ∆i) = 1. The simple modules over R(A) are therefore naturally indexed
by Φ and the Ringel dual R(A) of (A,Φ,✂) is actually a quasihereditary algebra with
respect to the opposite poset (Φ,✂op) of (Φ,✂). In fact, the category of ∆-filtered
modules over (R(A),Φ,✂op) is equivalent to the category of ∇-filtered modules over
(A,Φ,✂). According to the definition given in here, the Ringel dual is always a basic
quasihereditary algebra.
We will show that the Ringel dual of the dual extension of the incidence algebra of a
tree always has a basic good exact Borel subalgebra. First, some notions and notation
must be introduced. Recall that a tree (Φ,✂) is a finite poset such that the subposet
{j ∈ Φ | j ✂ i} is linearly ordered for every i ∈ Φ. Given a tree (Φ,✂), consider an
associated quiver Q(Φ,✂) constructed in the following way:
(1) the vertices of Q(Φ,✂) are labelled by Φ;
(2) for every pair j ✁ i with j an immediate predecessor of i, draw one arrow αji
from j to i and one arrow βij from i to j.
Define A(Φ,✂) as the bound quiver algebra of Q(Φ,✂) with relations αjkβij = 0, i, j, k ∈ Φ.
Let i− be the (unique) immediate predecessor of some i in (Φ,✂) and let i+1 , . . . , i
+
m be
the list of all elements in Φ having i as an immediate predecessor. Locally, around the
vertex i, the quiver Q(Φ,✂) may be depicted as
(5.4)
i−
◦
i
◦
i
+
1
◦ · · ·
i+m
◦
α
i−i
α
ii
+
1
α
ii
+
m
β
ii−
β
i
+
1 i
β
i
+
mi
.
If (Φ,✂) is a tree, then the dual extension of the incidence algebra of the poset (Φ,✂)
coincides with the algebra A(Φ,✂). We refer to [39, §1.6], [13, §1.3] and [14, §§1.2–1.5] for
the general definition of dual extension algebra and of incidence algebra of a poset and
point out that the incidence algebra of a tree is a hereditary algebra. According to [39,
§1.6] (see also [14, §1.7]), the algebra A(Φ,✂) is quasihereditary with respect to (Φ,✂)
and its Ringel dual has been studied in [40]. We prove the following result concerning
the Ringel dual of (A(Φ,✂),Φ,✂) for a tree (Φ,✂).
Proposition 5.5. The Ringel dual of the dual extension of the incidence algebra of a
tree has a basic regular exact Borel subalgebra.
Remark 5.6. Using Theorem 5.2, it is possible to rephrase the statement of Proposition
5.5 in multiple equivalent ways. In particular, it shall follow from Proposition 5.5 that
the algebra (R(A(Φ,✂)),Φ,✂
op) satisfies all the conditions in the statement of Theorem
5.2 for any choice of a tree (Φ,✂).
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Lemma 5.7, together with Theorem 5.2 and [15, Lemma 2.1], will be the key ingredi-
ents in the proof of Proposition 5.5.
Lemma 5.7. Let (A,Φ,✂) be a quasihereditary algebra and let m ∈ Φ. Suppose that
there exist short exact sequences
(5.5) 0 ∆k Tk
⊕
l∈Φ
l✁k
Tl 0
for every k ∈ Φ with k✂m. The following identity holds for every i, k ∈ Φ with i✁k✂m:
(5.6) (Tk : ∆i) =
∑
j∈Φ
i✁j✂k
(Tk : ∆j).
Proof. We show (5.6) by induction on m ∈ Φ. If m is an element in (Φ,✂) whose
immediate predecessor m− is minimal in (Φ,✂), then (Tm : ∆m−) = 1 by (5.5) and∑
j∈Φ
m−✁j✂m
(Tm : ∆j) = (Tm : ∆m) = 1.
Hence the base case of the induction holds. For m ∈ Φ arbitrary consider i, k ∈ Φ with
i✁ k ✂m. Using (5.5), we obtain
∑
j∈Φ
i✁j✂k
(Tk : ∆j) =
∑
j∈Φ
i✁j✂k

(∆k : ∆j) +∑
l∈Φ
l✁k
(Tl : ∆j)


= (∆k : ∆k) +
∑
l∈Φ
l✁k
(Tl : ∆k) +
∑
j∈Φ
i✁j✁k
∑
l∈Φ
l✁k
(Tl : ∆j)
= 1 +
∑
l∈Φ
l✁k
∑
j∈Φ
i✁j✁k
(Tl : ∆j) = 1 +
∑
l∈Φ
l✁k
∑
j∈Φ
i✁j✂l
(Tl : ∆j)
= 1 +
∑
l∈Φ
i✁l✁k
∑
j∈Φ
i✁j✂l
(Tl : ∆j) = 1 +
∑
l∈Φ
i✁l✁k
(Tl : ∆i),
where the last equality follows from the induction hypothesis. Using (5.5), we get
(Tk : ∆i) = (∆k : ∆i) +
∑
l∈Φ
l✁k
(Tl : ∆i) =
∑
l∈Φ
i✂l✁k
(Tl : ∆i) = 1 +
∑
l∈Φ
i✁l✁k
(Tl : ∆i).
This completes the proof. 
Proof of Proposition 5.5. Let (Φ,✂) be a tree. Observe that the quasihereditary algebra
(R(A(Φ,✂)),Φ,✂
op) is basic by the definition of Ringel dual. By Theorem 5.2, it is
enough to prove that the sequence of integers (li)i∈Φ associated to (R(A(Φ,✂)),Φ,✂
op) is
constant and equal to one. Use the symbol ′ to denote the modules over R(A(Φ,✂)). By
applying (4.3) and the Bernstein–Gelfand–Gelfand Reciprocity Law (see Remark 4.11),
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we get
li = 1 +
∑
j,k∈Φ
k✂opj✁opi
lk(P
′
k : ∆
′
j) dim
(
HomR(A(Φ,✂))
(
∆′j ,∆
′
i
))
−
∑
k∈Φ
k✁opi
lk(Q
′
k : ∇
′
i)
= 1 +
∑
j,k∈Φ
i✁j✂k
lk(Tk : ∇j) dim
(
HomA(Φ,✂) (∇j ,∇i)
)
−
∑
k∈Φ
i✁k
lk(Tk : ∆i),
where the last equality results from the properties of the Ringel duality (see [35, §6]).
By looking at (5.4), one easily sees that the costandard A(Φ,✂)-modules are uniserial. In
fact, the composition factors of ∇i are in bijection with {j ∈ Φ | j ✂ i} and the vector
space HomA(Φ,✂) (∇j ,∇i) is 1-dimensional for every i, j ∈ Φ with i✁ j. As a result,
li = 1 +
∑
k∈Φ
i✁k
lk

 ∑
j∈Φ
i✁j✂k
(Tk : ∇j)

−∑
k∈Φ
i✁k
lk(Tk : ∆i)
= 1 +
∑
k∈Φ
i✁k
lk



 ∑
j∈Φ
i✁j✂k
(Tk : ∆j)

− (Tk : ∆i)

 ,
where the last identity follows from the fact that A(Φ,✂) -mod has a simple preserving
duality (see [39, §§1.3, 1.4, 1.6]). By [15, Lemma 2.1] and Lemma 5.7, we obtain li = 1
for every i ∈ Φ. 
Example 5.8. Fix n ∈ N and let (A′, n,≤) be the quasihereditary algebra with n simple
modules discussed in Example 4.28. This is the dual extension algebra of the incidence
algebra of the tree (n,≤), that is, A′ = A(n,≤). By Proposition 5.5, the Ringel dual of
(A′, n,≤) has a basic regular exact Borel subalgebra.
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